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I'naBa 2. CuMMeTpHsi KPHCTAUIMYECKUX PelieToK
2.1. TpaHCcASIUMM M pPelIeTKU

B 1-ii yactu yueOHbIX MaTepHraiioB (ryaBa 1) ObUIM pacCMOTPEHBI TOYEUHBIE TPYIIIHL, T.€.
HAOOpBl oOmepanuil CUMMETPHUH MOJEKYl U JAPYrUX KOHEUYHBIX Treomerpuyeckux ¢uryp. B
OTIIMYHE OT «KOHEYHBIX» (HE TMOJMMEPHBIX) MOJEKYJ, aTOMHBIE CTPYKTYPHl KPHUCTAJIOB —
O0eckoHeuHble nepuoaudeckre purypbl. COBOKYIHOCTh BCEX OMepaluil CUMMETPUU KpUCTaia
Ha3bIBACTCSI €T0 NPOCMpaHcmeeHHou epynnoti. B 3Toll TmaBe 00CYXITAIOTCS OCHOBHBIC
KOMITOHEHTBI U IPUHIIMIIBI CTPOCHUS TPOCTPAHCTBEHHBIX TPYIIIL.

[Ipocreiimas ¢urypa, mepuoguuecKasi B OJHOM H3MEPEHHH — 3TO OSCKOHEYHas JIEHTa ¢
MOBTOPSIFOIITUMCSL  y30poM, Wik 6opowp (Puc. 2.1 a). «XuMHUYeCKUM» MpUMEpoM Ooparopa
MOYET CIYXHTb HJcaTH3UpoBaHHas MakpomoJekysia nmonmdTiieHa (CHoCHy)., ¢ GeckoHeuHoi
MJIOCKOM TEMOYKON M3 yriaepoaHbix atomoB (Puc. 2.1 6). K camocoBmemieHuto Takux (uryp
MPHUBOJIAT OINEpAIK 0COOOT0 BHJIA, KOTOPHIX HET B TOUYCYHBIX T'PYNIaxX: CABUTH BCEH JICHTHI
(LIeTI0UKM) BOJb €€ HAIlpaBJICHUs HA PacCTOSHUS Ma, T/Ie a — MEePUoJl MOBTOPSIEMOCTH, a M —
IPOM3BOJILHOE 1esioe Ynciio. (MBI cuiTaeM, 4TO IPHU MOJIOKUTENBHBIX M (GUrypa cMemaercs Ha
ma BIIpaBo, a MPU OTPULIATEIBHBIX M — BJIEBO). 3aMETUM, YTO Pa3HBIX CABUTOB Ma CTOJBKO Ke,
CKOJIbKO IIENbIX 4yucea M, T.e. OeckoHeyHO MHOro. COBOKYITHOCTh BCEX CIBHUIOB OoOp/ropa
oOpa3yer rpymnmny OECKOHEYHOro Mopsiika. EMUHUYHBIM 3]IEMEHTOM B 3TOW TpyIMIe SBISETCS
casur Ha Oa, UM TOKIECTBEHHOE MPeoOpa3oBaHHE.

RRERRL.

PR
b

Puc. 2.1. (a) ®parmeHt Ooparopa, HE MMEIOLIETO HHBIX ONEpalMii CHUMMETPHH, KpoMe
tpaHcisiuid. (0) ®dparmeHT TpaHcouaHO# yraepogHoit 1enu noimdTWwieHa (CHz-CHy).;
MOKa3aHbl 3JIEMEHThl CAMMETPUHU OJTHOTO 3JIEMEHTApPHOTO 3BEHA.

Casur ¢urypsl, NpUBOJAIINNA K €€ CAMOCOBMEILEHUIO, HA3bIBACTCS mpaHcaayuel. JTta
ornepanusi CUMMETPUU €CTh TOJBKO y OECKOHEYHBIX MEePUOJUYECKHX (Uryp, T.K. CIBUT
«00OpBaHHOI» KOHEYHON LIENOYKM HE MPUBEIET K CAMOCOBMEIIEHHUIO HA €€ KOHIAX. YYacTOK
nenoyku (OGO JIEHTHI) C JJIMHOM, paBHOW TEpUOAY TMOBTOPSEMOCTH, Ha3bIBAETCS
9N1eMEeHMaPHLIM 36eHOM. JIeCTBYsI Ha 2JIEMEHTAPHOE 3BEHO BCEMH BO3MOXKHBIMU TPAHCIALUAMU
Ma, MOKHO TTIOCTPOUTH U3 HETO BCIO OECKOHEUHYIO (DUTYDY.

Ecnu y moBropstomuxcst yacteil GuUrypsl HET APYTrUX 3JIEMEHTOB CHUMMETpUU (KaK y
Ooparopa Ha puc. 2.1 a), ee MPOCTPAHCTBEHHAS TPYIIA IEIMKOM COCTOMT W3 TpaHcsuii. Ho y
MaKpOMOJIEKYJbl monudTiieHa (puc. 2.1 0) WMerTcs W 3epKalbHBbIE IIOCKOCTH — Tak,
OTpaXeHUsI B TJIOCKOCTH YTJIEPOAHOM LEMOYKH JIMOO B MEPIEHIUKYISIPHOW K HEH IIOCKOCTH
moboro CHa-pparMenTa mpuBOIUT K CAMOCOBMEIICHHIO BCell 1enu. B3zanmonelcTBrue Kakaon
napbl B3aMMHO NEPIEHIUKYIISPHBIX MJIOCKOCTEH M mopokaaer och 2 (nmpaBuio (2a) B 4. 1), a B

2



HaNpaBJICHUU TPAHCIALUN BO3HUKAIOT HOBBIC, OMKpbiMble 3JIEMEHTH CUMMETpUHU. B obiiem
Clly4ae B MPOCTPAHCTBEHHYIO TpYMIYy KpHUCTaja BXOAST Kak TPAaHCISALUH, TaK U Apyrue
oTepanyy CHMMETpPUH.

[Ipumepom mockoit (2D) nepuoanueckoit CTpYKTypbl MOXKET CIIY>KUTh IUIEHKAa MbLIa Ha
MOBEPXHOCTH BOJbL. B mmeann3upoBaHHOW OECKOHEUHOW CTPYKType TaKOW IUIGHKH aHHOHBI
JMHHOTIenouedHbIX KapOoHOBBIX kucioT RCOO, rae R = H-CHap+1 1 N ~ 20-30, BKIIFOYCHBI B
BonHyto cpeny runpopmwibHbiMu  COO -pparmMeHTamMu, a BBITSHYTHIE LMJIMHIPHI UX
VIJIEBOJOPOAHBIX ~ 3aMECTUTeNIel, HWMEIOIMX TPAHCOUJIHYI0 KOHGOpMaluioo, 3a Cuer
HEBAJICHTHBIX B3aUMOJICHCTBUH OOpa3ylOT IUIOTHYIO TeKCaroHaJbHYIO VYIIAaKOBKY HaJ
HOBEPXHOCTLIO BOIBL. DJIeMeHmapHol A4elikoll TUIEHKH sBisgercs pomO ¢ yriaom 120° wu
CTOPOHOU @, paBHOW PAaCCTOSHUIO MEXIY OCsMH Ommkaimumx ¢gparmentoB R. Bcio cTpykTypy
IUICHKH MOYKHO TTOJTY4YHTh CIBUTAMH JIEMCHTAPHOM sIYCHKK Ha BEKTOPBI Mia + Myb, e my u m;
— MPOU3BOJIbHBIC Iienble uncia (Bkimouas 0), a u b — kparyaiiime TpaHCIAIUU BIOJIL pedep
3JIEMEHTAPHOU SYCHKH, CBA3aHHBIX TTOBOPOTOM Ha 120° (a=b) (Puc. 2.2 a,6). B tpexmepHnoii (3D)
CTPYKTYpE  KPUCTAJUIMYECKOTO  HMoJa  MoOJeKynbl |,  oObenuHEHBI  HEBaJCHTHBIMH
B3aMMOJICHCTBUSIMU B CIIOM, KaXKIbIii M3 KOTOPBIX PACIOJIOKEH CO CABUIOM OTHOCUTEIBHO
cocefHero cios. B 3TOM KpHcTamie MOXHO BBIACTUTH TPH B3aMMHO IEPIEHAUKYISAPHBIE
KpaTyaiinie TpPaHCHSIIMMKA @, D W C, KOTOpbIe 3aJal0T 3JICMEHTAPHYIO sYeiKy B (opme
IpSMOYTOJIBHOTO napajuienenunena (Puc. 2.2 B).
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(a) (6) (®)
Puc. 2.2. (a) Opuenranus u (0) uaeanu3upoBaHHas yHakoOBKa THAPOPOOHBIX YIIIEBOJOPOIHBIX
(¢parMeHTOB B IIJICHKE MblIa Ha MOBepxHOocTH Boabl. (B) Ciom wu3z mosekyn Il B
KPUCTAJIMYECKOM HOJIe B TMPOCKIMH BJAOJIb HAIMPABICHHS @; MOJIEKYIbl Ha Pa3HOW BBICOTE
BBIJICJIEHBI I[BETOM.

OCHOBHBIM CUMMETPUNUHBIM CBOWCTBOM, OTJIMYAIOLIUM KPHUCTAJUI OT aMOpP(GHOro CTEKIa
WIM KUJIKOCTH, SBJIAETCA HAIWYME TPAHCISALUUN B €ro aroMHOM CTpyKType. beckoHeuHyro
NEPUOANYECKYIO CTPYKTYPY JIF0OOTO JBYMEPHOTO UM TPEXMEPHOTO KPUCTAIIA MOYKHO pa3OUTh
Ha OJVHAKOBBIEC DJIEMEHTApHBIE SYEHKU. BCEBO3MOXKHBIMM COBUTaMM SYEHKH Ha LEJ0€ YUCIO
KOOpPJMHATHBIX TPAHCIAIMI BOCCO3/aeTcsi BCs CTPYKTypa KpucTauia. Takum oOpaszom, B
IPOCTPAHCTBEHHOW TPYIIE BCAKOIO KpHUCTAJIa COJACPKHUTCA MOATrpyNna ero TpaHcasuui T.
SlcHo, uro rpynmna T uMmeeT OECKOHEUHBIN MOPSIOK TPH JIFOO0N pa3MEpHOCTH KpucTauia. B aToit
rJIaBe MBI PACCMOTPHUM BCE T€OMETPUYECKH Pa3lHyHbIC TPYIIIbI TpaHcasauid miockux (2D) u
TpexMepHbIX (3D) KpHuCTAITHYECKUX CTPYKTYD.

b

Puc. 2.3. [lapameTpsl 25ieMEHTapHOM SYEWKHU U pa3Hble BapHaHTHI ee BbiOOpa B 2D—pemieTke.



BeiOupas BHYTpM KpHCTalia IPOU3BOJIBHYIO TOYKY W JEHCTBYS Ha HEE BCEMH
TPAHCISANUSAMHU, MBI TIOJYYHM IPABWIBHYIO CUCTEMY U3 OCCKOHEYHOTO YHCIIa TOUYeK (OpOHTY
rpymnbl - T).  Takas cucTeMa  TPaHCISIMOHHO  OSKBUBAJCHTHBIX TOYEK  HAa3bIBACTCS
KPUCMALIUYEeCKOU peuemkoll, a ee TOUKHa — yzaamu pemetrku (Puc. 2.3). Pemerka B HarsimHON
rpaduveckoil popme Mmoka3pIBaeT TPAHCISAIMOHHYIO CHMMETPHIO KprucTaiuia. [loMmecTuB oauH u3
Y3JIOB PEUICTKH B HAYaJI0 KOOPAWHAT M COEJMHUB €r0 CO BCEMHU OCTAIBHBIMH Yy3JIaMH, MOXKHO
MOCTPOUTH OECKOHEUHBIH HA0Op BCEX BEKTOPOB TPAHCIALUMN, 00pa3yromux rpymiy T.

DneMeHTapHas sYelKka KPUCTAJUIMYECKOH pelieTkH (a2 3HAa4uT U CaMOTr0 KPHUCTAJlIa)
«HATATUBAeTCS» Ha Oa3MCHBIE BEKTOPHl TPAHCHSIMHA. B JIBYMEpHBIX KpPUCTAJUIMYECKHX
CTPYKTypax BeKTOphl @ u D, HampaBieHHbIE TMMOA YIJIOM Y JPYr K JpPYyry, MOPOXKIAIOT
napamenorpamMm (cM. Puc. 2.3). B TpexmepHBIX KpHCTaiaX 3JE€MEHTApPHOU SYEUKOH CIYKUT
napaJuiesienunes, oopa3oBaHHblll BekTopamMu @, b u C. Ilapamerpamu siieMEeHTapHON SUCHKH
KpHUCTalsla SBISIOTCS JUIMHBI SJIEMEHTAPHBIX TPAHCIALMNH M yriibl Mexay Humu: B 2D-
KpHCTAJUIaX y siYeKK Tpu mapamerpa (@, b, ), B TpeXMepHbBIX KpHcTa/llaX — IeCTh apaMeTpoB
(a, b, ¢, a, B, y). Yron mexay Bektopamu b u C, npomusonedicawuii BEKTOpy @, 0003HavaeTcs a.,
BEKTOPY b mpoTHBONISKHUT yroa 3, BekTopy C — yrou y (Puc. 2.4a).

©) ()
s c
@ b '
a
(a) ™) )

Pucynok 2.4. (a) IlapameTpsl sneMeHTapHON sUEHKH TpexMepHOro Kpucramia u tumsl 3D-
pemierok: (0) mpuMHUTUBHAsA, (B) 00bEMHOLIEHTpUpPOBaHHas, (I') OokoLeHTpupoBaHHas B u (x)
IpaHELEHTPUPOBAHHAS

BekTopsl 2neMEHTApHBIX TPAHCHSALUUN 3aaI0T  KPUCMALI0ZPADUYECKYI0  CUCTHEMY
Koopounam. B Kpucramnax pazHOro CTpOEHHUS 3Ta CHUCTEMa MOXET ObITh OPTOrOHAJIbHOW WU
KOCOYTOJIbHOW. UHMCIIEHHBIE 3HAY€HUs NapaMeTpPOB PEIIETKH Ha3bIBAIOTCA €€ METPUUYECKUMU
XapaKTePUCTUKAMH, WM, KPATKO, Mempuxou pemeTku. [[nuHbel pedep 3IeMeHTapHOU suehKu
KpHUCTAIJIa, MoJIy9aeMble M0 AUPPaKIMOHHBIM JaHHBIM, OOBIYHO BBIpaXKAIOT B HaHOMeTpax (1 HM
=107 M), nukoMerpax (1 mm = 107 M) uu aarcrpemax (1A = 0.1 am = 100 nm = 107 M),
yIIIbl MeXAy pebpamu — B rpagycax. s KpHUCTAIMUECKUX CTPYKTYp OOBIYHO TaKxke
PacCcUUTHIBAIOT 0ObEM AJIEMEHTAPHOMN STYEHKH B A3 (cM. HUKE).

ITockonbky B OJHOM M TOW >K€ peIIeTKe MOXKHO BbIOpaTh pas3nuuHble OazHCHBIE
TpaHcsnuu (cM. Puc. 2.3), cucteMy KOOpIWHAT TPEXMEPHOTO KpHCTalla YCTaHABIMBAIOT IO
CJIEYIOIIMM ITPaBHJIAM:

(1) Bexkropsl @, b u C 06pasyio npasyio ces13Kky: UX MOKHO OOOWUTH B HANPaBICHUH MTPOTHB
4acOBOM CTPEJIKM BOKPYT Hayaja KOOpAMHAT.



(2) pebpa a, b u ¢ (rme a<b<C) B mpUMUTHBHOW sSYECHKE COOTBETCTBYIOT KpaTYalIIHNM
HEKOMIUTAaHAPHBIM TPAHCIAIMAM, a B HEHTPUPOBAHHBIX S4YEHKax (CM. CIel. pasjen)
SIBJISIFOTCS IMHEHHBIMH KOMOMHAIMSIMU TaKUX TPAHCIISIINH,

(3) ueHTpHpOBaHHAs dIEMEHTApHAs sTYCHKAa MMEET MUHUMAJIBHBIN 00beM,

(4) ecmu 3TO MO3BOJSIET CUMMETPHSI PEIIETKU, YIIIbl o, B 1 [y BoIOUparoT paBHbiME 90°;
HENPSIMbIE YIIIbI JIOJDKHBI ObITh KaK MOYKHO OJIFKE K IIPSIMOMY M TIpH 3ToM OoJibIie 90°,

(5) koopauHaTHBIC HANPABICHUS JOJDKHBI COBIAIATh C OCSIMA CUMMETPUU MaKCHMAJIbHOTO
HOpsiIKa, UMCIOLIMMHUCS B JaHHOM Kpuctaiuie (penep bpase).

2.2. 3akpbIThIe 3JIEMEHTbl CHMMETPHH KPUCTAJJIOB

Kpome TpaHcmsiumii, KpUCTamuibl MOI'YT 00JaaTh 3aKpbITBIMM 3JIEMEHTaMH CUMMETPUU
(Puc. 2.1 u 2.2 6). Toyeunas rpymmna, 0Opa3oBaHHasi ITUMH dJIeMeHTaMu (cM. 4. 1), Ha3bIBaeTCsI
Kpucmaniozpaguueckum Kiaccom; OHa OTPAKaeT CUMMETPHIO BHELIHEW (OopMbl KpHCTala.
XO0Ts BCeX TOYEUYHBIX IpyIIl OECKOHEYHO MHOTO, ¢ TPAHCISLIMOHHONW CUMMETpPUEN COUETAOTCs
JMIIb HEKOTOPBIE 3aKPBIThIE 3JIEMEHTHI, II09TOMY HAa0Op BO3MOKHBIX KPUCTAJIOrpapruecKux
KJIACCOB OTPAaHUYEH.

CuMMeTpus y31a KpUCTAJUIMYECKON PELIETKH OIPEAEIAETCS TOJIBKO PacCHOIOKEHUEM
TpaHCIAUMH B Kpucramwie. TodeuHas rpynmna «3Be3bl» TPAHCISALMHA, BBIXOAAIIMX U3 y3Ia
pELIeTKH, Ha3bIBACTCA 201020puteckoli zpynnou. [lpu pa3MelieHuu B 3aJaHHOM pelIeTKe
CTPYKTYPHBIX (parMeHTOB WX COOCTBEHHAsi CHMMETPUS MOXKET OKa3aTbCsd HIDKE, YeM
cummerpus y3na. IloaTomy Bce Bo3MOKHbIE ToueuHble rpymibl 2D- n 3D-kpucranios coctost
13 Habopa COOTBETCTBYIOUIMX TOJIO3PUIECKUX TPYIIIT CO BCEMH UX MOATPYIIIIaMHU.

OnHoMmepHast pelieTka, WIH V31080U psAo0 — 3TO OECKOHEUHBIH psji  Y3IIO0B,
pacroyoKEeHHBIX Ha MPSIMOW JIMHUM 4Yepe3 OJMHAKOBbie WHTepBajibl jmHouW a (Puc. 2.5).
BbiOpaB npou3BOJIBHBIN y3€l B KauecTBE Hauaua KOOpPIUHAT, Mbl YBUJUM, 4TO IO 00€ CTOPOHBI
OT HEero Ha PaBHBIX PACCTOSIHUSX HAXOIATCS Y3Jibl ¢ KoopauHatamu £ma (m =0, 1, 2, ...), T.e. B
KaX/IOM y3JIe OJHOMEPHOM peIIeTKH PacloyioKeH LEHTP UHBEpCHH (ToueuHas rpymmna 1). Tum
CBOICTBOM oOOsiamaeT 000N Y370BOH psil, KOTOPBIA MOXHO BBIACIUTH B IPOU3BOJIHHON
pemierke Oosiee BBICOKOM pa3MepHOCTH. TakuM 00pa3oMm, IIEHTP HWHBEPCHUH 1 COBMECTHM C
TPAHCIALUOHHON CUMMETPUEN, U 8Ce KPUCMANIUYECKUE PeUtemKU YEeHMPOCUMMEMPUUHDL.

Pucynok 2.5. Y3710BbI€ ps/Ibl B IJIOCKON CETKE (BBIACIEHBI CEPHIM I[BETOM )

B nByMepHBIX peleTkax, Wid nIOCKUX CemKax, HBepCcHto koopauHart (X, Y) — ( X, Y) B
TUIOCKOCTH CETKH TMPHHITO 0003HAYaTh Kak JEHCTBHE OCH 2, MPOXOIAIICH MEepPHeHIUKYISIPHO
ATOM MJIOCKOCTH B TPEXMEPHOM TpocTpaHcTBe. B 3THX 0003HaueHmsX Mr00ast moBopoTHast ock N,
MPOXO/ASIIAs Yepe3 y3€ll IBYMEPHOH pelIeTKU NEPNEeHAUKYISIPHO €€ MIOCKOCTH, T0JKHA UMETh



yeTHbI mopsnok (N>2). Kpome moBOpOTOB, HEKOTOPHIE CETKH MOTYT HMEPEBOAMTHCS B CeOS
OTpaK€HHEM B NEPIEHAUKYISAPHBIX UM IIOCKOCTSIX M.

Maxkcumanbablil mopsaaok nmoBopora N B 2D-pemerke jerko ycTraHOBHTh, BBIOpaB B HE
Y3JI0BOU Dsijl, B KOTOPOM Y3JIbl PACIIONIOKEHBI Yepe3 KpaTdaiiryro tpaHcasuuio a (Puc. 2.6 a).
[Ipu moOBOpPOTE TaKOro psijia BOKPYr BeiOpaHHOro y3na 0 ma yron ¢=360°/N cocemnuii yzen A
nepemectutcs B nmonokenue B. [nuna croponst AB B Tpeyronbauke 0AB paBha 2a-sin(¢/2)>a
(r.x. croporsi OA u OB 1o BeIOOpPY Yy3JI0BOrO psiia paBHBI Kpamuaiiuiell TPAHCIALHH a).
[Mostomy sin(p/2)>1/2, u ¢/2>30°. CremnoBaTenbHO, Yroji MOBOPOTa BOKPYI OCH CHMMETPUH
¢=360°/N He mMoxeT ObITh MeHbIIe 60°. ITO 3HAYUT, YTO MAKCUMAIIBHBIN TIOPSIOK TOBOPOTHOM
OCHU B IBYMEpHOM KpHCTajlle paBeH 6, U Bce BO3MOXKHBIE JUIsl HErO IIOBOPOTHBIE OCHU — 3TO OCH 2,
4 1 6, a Takke och 3C6 (KOTOpast MOKET MPOXOAUTH Yepe3 IIEHTP MPaBUIHBHOTO TPEYTOJbHUKA C
y3JIaMH B BEpILIMHAX, HO HE Yepe3 caMHu y3ibl). B To ke BpeMs ocb 5-T0 MOpsiika HECOBMECTUMA
C TPAHCIALMOHHON CUMMeTpuel, T.K. IPaBUIbHBIMU ISATHUYTOJIBHUKAMU C YIJIOM IIPU BEPIIKHE
108° wmenb3s mwioTHO (0€3 ImeNeii) 3amOdHUTH IUIOCKOCTH (puc. 2.6 0). Takum o0Opaszom,
JIByMEpPHbIE KPUCTAJIIbI MOTYT UMETh CIIEAYIOIINE 3aKPBIThIE 3JIEMEHThl CUMMETPHH:

(2.1a) 1,2,m,3,4u6,
(BKJIIOUAs TOKICCTBEHHOE IIpeobOpazoBanue 1). 260
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Pucynok 2.6. (a) M3MeHeHME NOJOXKEHMs Y3JI0BOTO psiia ¢ Kpardaiied TpaHciasuuend a
(BBIIEIEH CEpbIM L[BETOM) IIPH TIOBOPOTE IIIOCKO# ceTku Ha yron ¢=360°/N Bokpyr y3na 0.
(6) IlmoTHOoe 3amojHEHHWE IUJIOCKOCTH TPaBWIBHBIMH  TPEYroJbHUKaMH, KBaJpaTaMu,
NPAaBWIbHBIMU  IIECTHUYTOJbHUKAMHU M HEBO3MOXHOCTh €€ 3alOojHEHMs] IpPaBUIbHBIMU
IATUYTOJIbHUKAMH.

OrpaHuueHus Ha MOPSAOK MOBOPOTHBIX OCEH B JBYMEPHBIX PELIETKAX MEPEHOCITCS U Ha
TPEXMEPHBIE, MMOCKOJBKY KaX0€ cedeHue 3D-pemeTku mioCcKoCThIo, TPOXOISIIeH Yyepes y3Ibl,
ABJISIETCSl TUIOCKOM ceTkoil. Ho u3-3a Hanuuus LEeHTpOB CUMMETpUU | B y3/ax TpexMepHOM
pELIETKH MTOBOPOTHAsA OCh 3, MPOXOASIIAs Yepe3 y3€ll, IPEBPATUTCS B UHBEPCUOHHYIO OCh 3, a
ao0asi 4yeTHash MOBOPOTHAS OCh MOPOAUT MEPNEHIUKYIAPHYIO K Hel 1uiockocTh M. Takum
00pa3oM, B TpEXMEPHBIX KPUCTAIIAX MOTYT TAK)K€ CYIIECTBOBAThH HHBEPCUOHHBIE OCH 3-TO, 4-TO
u 6-ro nopsiakos (Tadm. 2.1).



Tabmuma 2.1
NuBepcuonnbie ocu B 3D-kpucTamiax (BbIACICHBI >KUPHBIM IIPUPTOM)

DJICMCHTBI

B 2D-cerke  + 1 pe3ynbTat MOArPYIIIEI

m N 2/m ) 2,m, 1

2 - 2/m > 2,m, 1

3 - 3 - 3,1

4 N 4/m > 4, 4,m, 1

6 N 6/m > 6,3/Im=6, 3,3,2/m,2,m, 1

Becwy mepeuenn xpucmannozpaguueckux 3aKpHITBIX JEMEHTOB CUMMETPHH (BKIOYAs
TOKJIECTBEHHOE MTPeoOpazoBaHue) ISl TPEXMEPHBIX KPUCTAJUIOB BBITJISAUT TaK:

(2.16) 1,2,3,4,6, 1, 2=m, 3, 4, 6

2.3. Cunronum, pemietku bpape u kpucrasiorpaguieckue KJiacceobl

[Tonublit HaGop KpHcTalIorpadUUecKux KJIAcCoB Ui JABYMEPHBIX M TPEXMEPHBIX
KPUCTAJIJIOB MOYKHO TIOCTPOUTH, IIepeOpaB BCE€ BO3MOXKHbIE KOMOMHAIIMHU JIEMEHTOB CUMMETPUU
u3 (2.1a) u (2.16). MbI npuzeM K TOMY K€ pe3ylbTaTy HEMHOTO HHaue: MEPEeYUCIUM BcCe
TOYEYHBIE TPYNNbl y37da B peELIETKE (TOJ03APUYECKUE TPYMIbl) B MOPSAJAKE IOBBILICHUS
CUMMETPUN U BBIIUIIEM BCE MOATPYNIBI TakKUX Ipyni. Ha 3ToM myTw Mbl O3HaKOMHMCS €
HOBBIMU U1 HAC YEeHMPUPOBAHHbIMU PEIIETKaMU, KOTOpbIE HPUCYTCTBYIOT BO MHOI'MX
KPUCTAJTIMYECKUX CTPYKTypax.

Cxemy BbIBOAA TOJIORIPUYECKUX TPYII BHAayajle PacCCMOTPUM Ha HPUMEPE IUIOCKHUX
ceTok. CUMMeTpus y3i1a B TAKUX CETKAaX COOTBETCTBYET CUMMETPHUU KOOPOUHAMHO20 Kpecma 13
Kpart4yaimmx TpaHcusauuii a, —a, b u —b (Puc. 2.7). Husmieir BO3MOXHON TOYeUHOM rpyrmme 2
OTBEYAET KOCOU KOOPIMHATHBIA KPECT ¢ NPOM3BOJILHBIME @, b 1 y#90°. DnemenTapHas sueiika
Takol pemerkn — mapamenorpamm (Puc. 2.7 a). [lepopmupys 3Ty pemieTky — Hampumep,
U3MeHsIs apaMeTp D u (WiIn) yroy y npu HEM3MEHHOM @ — MOCTapaeMcsi JOOUTHCS MOSIBICHUS
HOBBIX 2JIEMEHTOB CUMMETPUHU: IUIOCKOCTEN M, MEPHEHAMKYISAPHBIX K INIOCKOCTU CETKU. DTO
MOYHO CJIeNaTh AByMs criocobamu: (1) HanpasuTh TpaHcsanuio b nepnenauxynaspHo k a (y=90°)
60 (2) ycraHOBUTH D=a ¢ MPOU3BONBHBIM YIIOM Y. B 000HX ciiydyasx u3-3a B3aUMOICHCTBUSI
IUIOCKOCTH M C Jexamieid B Hell MOBOPOTHOM ocbio 2 (cM. 4. 1) TouedHoM rpymmoil y3na
CTaHOBHUTCA MM2, OJHAKO B IMEPBOM Cly4yae IUIOCKOCTH M MPOXOJAAT IO HAIpPaBIECHUSIM
KOOPAMHATHBIX TPAHCIALMHA &, D mpsAMOyrompHO# sneMeHTtapHoil sueiiku (Puc. 2.7 0), a BO
BTOPOM — [0 JAMaroHassiM a+b, a—b pomouueckoii sueiiku (Puc. 2.7 B).



(a) kocoyronbHas (6) npamoyronbHasa (B) a'=a—b, b'=a+b, y=90°

p2 pmm2 npamMoyronbHasa cmm?2
a, b, y — nobele a#b — ntodble, y=90°  a=b, y# 90°, 60°
(r) TeTparoHanbHas (a) rekcaroHanbHas
p4mm pémm
a=b, v =90° a=b, y =120°

Pucynok 2.7.0nepanun cMMMETpUN KOOPAMHATHOTO KPECTa B INIOCKMX CETKAaX; UX CUHIOHUU U
pemerku bpase.

W3menss napametp b B mpsMoyroibpHO# ceTke 10 gocTvkeHHs hD=a aub0 yCcTaHOBHB
YroJl MEXIy TPaHCISALUSIMH B poMOuueckon sueiike y=90°, momyuyum terparoHanbHyro 2D-
pemeTky ¢ cummeTpueii y3ina 4mm (Puc. 2.7 ). Eciu e B pomOudeckoi siueiike ¢ b=a caenarsb
Yrojd MEKIy KOOPAMHATHBIMH TPAHCIALUAMEH paBHbIM 120°, Oiarogapsi COOTHOIIEHHIO
|b+a|=a=b Bo3HMKHET rekcaronangbHas MIOCKas ceTKa ¢ cummerpueit yna 6mm (Puc. 2.7 n).

Heckonbko Oomnee neTanbHBI aHAIM3 IOKa3bIBae€T, YTO BCE BapHUaHThl BO3MOXHOM
CUMMETPHH Y3JIa B IJIOCKOH CETKE MCYEPIBIBAIOTCS YETHIPHMS TOJTYYEHHBIMA HAMH TPYIIIAMU
(2, mm2, 4mm u 6mm). BeiOpaB B poMOHuecKoil siueiike Ha Puc. 2.7 B HOBbIe KOOPIHHATHBIC
HanpaBieHuss a'=a-b wm b'=at+b mo auaronamsmm pomba, MBI TOCTPOUM MPSIMOYTOJIBHYFO
JJIEMEHTAPHYIO S4YeKy BJBOe OoJblLIeH IJIoL[aau, B KOTOPOH IMJIOCKOCTH M MPOXOAAT IO
TpaHcisusaM @' u b'. B oTnuuue oT mpsMoyroibHO# sueliku Ha Puc. 2.7 6 U BceX OCTaIbHBIX
s4yeek Ha Puc. 2.7, y37bl KOTOPBIX PacroyioKeHbl TOJBKO B BEPUIMHAX, B LIEHTPE «yIBOCHHOI
NPSMOYTOJBHOM SYEHKHU ¢ KoopAauHaTaMu a /2, b’/2 na Puc. 2.7 B Tak:ke HAXOIUTCS Y3eIl.

OTBNeKasch OT METPUKH IUIOCKOW CETKH, T.. OT YMCICHHBIX BEJIWYHMH €€ MapaMeTpoB
sTYeHKH, 0003HAUYMM KOOPAMHATHI IIEHTpA SUCHKH B JIOJISIX KOOPAWHATHBIX TpaHcisiwmii: 1/2, 1/2.
Cetku 6€3 y370B BHYTPH 3JEMEHTApHBIX SUEEK Ha3bIBAIOTCS NPUMUMUSHLIMU W 0003HAYAIOTCS
p. Cetka c y3noM B ientpe 1/2, 1/2 HazpiBaeTcst yenmpuposanuoi u 0003Ha4aETCA C.

Takum oOpa3oMm, Bce BO3MOXKHbIE 2D-peleTkn MME0T TOYEUHYI0 CUMMETPHIO y3ia 2,
mm2, 4mm wuiam 6MM, MpUYeM PEeuIeTKH CUMMETPUU MM2 MOTYT OBITh MPUMHUTHBHBIMH JINOO
LEHTPUPOBAHHBIMHU, & OCTAJIbHbIE PEIIETKU — TOJIbKO MpUMHUTUBHBIMU (Tabun. 2.2). KomOunupys
CHUMBOJIBI CETOK M HMX TOYEYHBIX TPYIIM, 3alMIIeM BCE 3TH BapHaHTHl Kak P2, pmm2, cmm2,
pdmm u pémm. Ilepexox OT OAHOTO «BHIa» pELIETKHM B Apyrod B Xoxae Aedopmanuu
COITPOBOJKIAETCS MTHOBEHHBIM M3MEHEHUEM CHMMETPHUH, TOT/Ia Kak MpH JedopMalusx BHYTPH
KaXJI0TO «BMJa» PEIIETKH CUMMETPHS y3Jla HEe U3MEHSETCs. 3aMEeTUM, YTO pemeTKd PMMm2 u
CMM2 TaKke He MepPEeBOIATCS OJTHA B IPYTYIO HEMPEPBIBHBIMU AedopManusmMu 0e3 N3MEHEHHUS
TOYEYHOM TPYNIBI y3/1a: HA TAKOM ITyTH JIEKUT Touka a=h, y=90°, rie Bo3HMKaeT MOBOPOTHAs
0Chb 4-ro nopsizika.



Onpedenenue 1. beckOHEUHBII HAa0Op BCEX PEIIETOK, OTHOCSIIUXCA K OJHOW M TOH ke
TOJIO3IPUYECKON TpyMIe, Ha3bIBACTCS CUHOHUEH.

Onpedenenue 2. Bee pelieTku 0JJHONM CUHTOHUM, IEPEBOJUMBIE OJ[HA B APYTYIO0 HEMPEPHIBHBIMHU
nedopMarusiMu, OTHOCSITCS K OqHOMY muny bpase.

Onpedenenue 3. «be3pazmepHas» (T.e. oOnajgaromas MPOU3BOJBHOW METPUKOM) pelieTka,
OTHOCSIIAsCA K orpezeraeHHoMy Tuity bpase, HazpIBaeTcs peuemkotl bpase.

Mpsl BUJENH, YTO IMJIOCKHE CETKHU Pa30MBAIOTCS HAa YEThIpE CHHTOHUM W MSATh PELIETOK
BpaBe. Hazpanusi cuHroHMiA 1 0003HAYCHHSI PEIIETOK BMECTE C YCIOBUSMH, HAKJIAIBIBAEMBIMU
CHMMETpHEH Ha IapaMeTphl 3JEMEHTApHOW s4eiiku, npuBeneHbl B TaOm. 2.2. Tam ke s
KQKJIOM CMHTOHUU TEPEUYHCIICHbl BCE MOATPYIIBI COOTBETCTBYIOUIUX TOJIOAAPUUECKUX TPYIIIL.
Jecsath moNydyeHHBIX Trpynn (TOJO3ApUYECKUE TPYMONbl IUIIOC MX MOATPYIIBI) — 3TO BCe
JIBYMEpHBIC KpUCTAJUIOrpapuecKkre KiIacChl, TO €CTh BCE BO3MOXHBIC TOUYEYHBIE Tpynmbl 2D-
KPHUCTAJLJIOB.

Tabnuna 2.2

CuHroHHMH, KpUCTAJUTOrpadUIecKue TPYIIEI U peleTku bpase B AByMEpHBIX KpHCTaLIax
CUHTOHUS TOJIOdJPUYECKAsT | TIOJTPYIIITBI THUIIBI PEIICTKH

rpyrmnmna
KOCOYTOJIbHAsI 2 1 p
PSIMOYTOJIbHAS (OPTOTOHAJIHHAS) mm?2 m p, C
TeTparoHajJbHas 4mm 4 p
reKcaroHaJibHas 6mm 6, 3,3m p

Cunronnu, pemeTrku bpaBe W ToYeuHbIe TPYNIBI TPEXMEPHBIX KPHUCTAIIIOB
npencraniensl B Tabmn. 2.3. [lockonbky mo6oe ceuenre 3D-pemeTku miocKoCThIo, TPOXOAsIen
yepe3 y3ibl, SBISIETCA IJIOCKOM CETKOW, a BCsSIKas MPOBEACHHAs 4epe3 y3Jbl IpsiMast JTUHUS —
Y3JIOBBIM  pSZIOM, €€ TOJIO3JIPUYECKHE TPYIIbl  «HACAEAYIOT» CHMMETPUIO  HM3IIUX
pa3mepHocTedt. Husmieil romosapuueckoit rpymme 1 (IeHTpbl MHBEPCUU HAXOAATCS B y3Jax
10001 TpexXMEepHOM peleTKH) COOTBETCTBYET mpukaunHas CAHronus. Jlobasnenue k ueHtpy 1
ocl 2 WIM IUIOCKOCTH M M3-3a B3aMMOJAEHUCTBHUS 3JEMEHTOB CHUMMETPUM 2-TO TOpsIKa
HOPOXKJIAET TOJOIPUIECKYI0 Tpymnny 2/M (monoknunnas cuaronus). [1o Toit ke mpuuuHe (cM.
dopmyssl (2 a-B) B 4. 1) mobaBieHHe K 3JeMEHTaM TIPYIIbl 2/M ele OAHOW OCH 2 WM elie
OJIHOM TMJIOCKOCTH M, MEpPHEeHAUKYISIPHBIX K YK€ HMEIOUIMMCS, MOPOXKIAeT CIEAYIOLIYIO
rOJIOYIpUYECKY0  rpymmy  2/m2/m2/m, T.e. mmm (opmopombuueckasi ~CUHTOHWS).
DNeMEeHTapHON SYEHKOM TPUKIMHHBIX KPUCTAJUIOB SIBJISIETCS KOCOYTOJbHBIA Mapajuieienumne],
MOHOKJIMHHBIX — mOpsAMOil mapawtenenumnen (cM. 4.1, npumep 1 B § 1.4), kpucramio
OpTOPOMOMYECKOW CHUHTOHMM (B JIMTEpAType TakKKe Ha3bIBAEMOW pomOuueckou WIH, PEXe,
OpPMO20HANLHOIL) — TIPAMOYTONBHBIN TTApaJIICICITHITE.

JlanpHelilee MOBBIIEHUE CUMMETPUU y3Jla — aHAJIOTUYHOE JBYMEPHBIM CETKaM, HO C
no0aBlieHMEM IEHTpa WHBEPCUU B Y3JI€ — JAeT mempazonanbHyio (TOJ03pHUYEcKas Tpyria
4/mmm, srneMeHTapHas s4elika — TeTparoHajbHas MNpPU3MA) U 2eKCA2OHAIbHYIO CUHTOHHUU
(6/mmm, snemenTapHas sueiika — 1/3 rekcaroHaabHO# npu3Mbl). Jledopmarus TeTparoHaabHON
pemetkn 10 C=a(=b) mpum coxpamenuu o=P=y=90° cosmaer Kybuueckylo CHHTOHHUIO C
roJI03/IpHUecKoi rpynmnoil m 3 m (3reMeHTapHas s4yeiika — Kyo0).

Kpome 3TuX mosimdpoB, 3J€MEHTapHON SYEHKONW TPEeXMEPHOIO KPUCTAJlIa MOXKET OBITh
«neopMUpOBaHHBIN KyO», WU pombO030p — TPEXMEPHBIM aHajJor IUIOCKOro pomba, T.e.
neGOopMHUpPOBaHHOTO KBajpara. PemeTku ¢ TakoW sUEHKOM OTHOCATCS K MPU2OHANbHOLUL
pombordpuueckoti cuaronnu. Eil oTBeuaeT ronosapuyeckas rpymnmna 3m, KOTOpas BO3HHKAET
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npu 100aBJICHUU K AJIEMEHTaM TPYHNbl 2/M MOBOPOTHOH ocu 3, MPOXOAsIIeH depe3 LEHTP
MHBEPCUM NEPHEHIUKYISIPHO OCH BTOPOrO Mopsaka. MOXKHO MOKa3aTk, YTO APYIMX TOUYEUHBIX
rpynn y 3D-pewerok Her.

Tabmuna 2.3
CHHIOHMH, KpHCTAIIOrpaduUecKue KI1acChl U pelieTku bpaBe 11 TpeXMEepHBIX KPHCTAJLIOB

CuHronus Kpucramnorpapuyeckue kinaccel | [lapamerps Pemerku
TOJIOBJPUY. | MOJATPYIIIbI 3JIeMEHTapHOU bpage
rpymnna SAYEUKU
TPHUKJIMHHAS 1 1 a#b, a#c, b£c P
a, B, y — mrobbIe
MOHOKJIMHHAS 2/m 2, m a#b, a#c, b#c P, C (A)
a=y=90°, B#90°
opTopoMOUYecKas mmm mmz2, 222 a#b, a#c, b#c P, A(B, O),l,
a=B=y=90° F
TeTparoHaJIbHasI 4/mmm 4, 4, 4lm, 4mm, | a=b#c, P, I
422, 42m a=B=y=90°
TPUTOHAJIbHAS 3m 3, 3,3m, 32 a=b=c, P («rexca-
a=L=y#90° roHajiabHas R»)
reKcaroHajabHas 6/mmm 6, 6, 6/m, 6mm, | a=bc, P
622, 6m2 a=p=90°, y=120°
KyOHdecKas m 3m 23, m 3, 43m, 432 P,IF

Takum 06pa3oM, y TPEXMEPHBIX PEIIETOK HMEETCS CEMb TOJIO3JPUIECKHUX TPYII, KayKaast
13 KOTOPBIX ONHCHIBAET CHMMETPHIO Y3J1a B OIIPENEICHHON CUHTOHUM:

1, 2/m, mmm, 4mmm, 3m, 6/mmm, m 3 m

Kaxnapil TpexMepHBId KpUCTAUI MPUHAUIEKAT K OJHOM W3 OTUX CEMH CHHIOHUM.
['onosppuyeckue Tpymmel BMECTE C HMX NOATPYNIAMH COCTABIAKOT 32 TpPEeXMEPHBIX
KpUCTAJIIIOrpaUuecKux Kiacca, Cpeau KOTOPHIX MPHUCYTCTBYIOT BCE JBYMEpPHBIE KJIAcChl (CM.
Tabn. 2.2). Cpean »>THX KpHUcTaIorpadUyecKux TOYEYHbIX rpymnnm  umeerca 11
EHTPOCHMMETPUUHBIX (BCE TONO3IPHUECKHE IPYIIIBI, a Takke rpymmsl 3, 4/m, 6/m u m 3),
KOTOpbIe Ha3bIBAIOTCH Kkiaaccamu Jlays. B peHTreHOBCKOM KpucTamiorpaduu CHUMMETpUs
Tu(paKkIIMOHHOW KapTUHBI JIIO0OTO KpHCTala 0e3 ydera aHOMaJbHOTO PacCCesHUS
COOTBETCTBYET OJIHOMY U3 Ki1accos Jlayn.

Paznuunble BapuaHTBl LEHTPUPOBAHMSI TPEXMEPHBIX pEIIETOK (CM. puc. 2.4) MOXKHO
BBIBECTH, BBIAETAS B UX CEUEHHUH IJIOCKUE CETKH U MOMHS, YTO LIEHTPUPOBAHHON MOXET OBbITh
TOJIBKO MPAMOYrojibHasi ceTka. [IoCKoIbKy B C€YeHMM TPUKIMHHOM PElIeTKH MPSMOYroJbHBIX
CETOK HET, CIAWHCTBEHHOM peueTkon bpaBe B 3TOW CHUHIOHMM SBISETCA NPUMUMUGHAS
tpukivHHasg (P). Tak xak O0koBbIe pedOpa MPSAMOTo MapajuiesieluIena — MPSIMOYTrOJIbHUKH, B
MOHOKJIMHHOW CHHTOHHMH, TIOMUMO MPUMHUTHUBHOM P, BO3MOXHA 6okoyenmpuposanHas penieTka,
o0o3Hayaemass A (ecnu LEHTPUpPOBAHHAS TPaHb SYEUKU MPOTUBOJICKUT pedpy a) wiu C (ecnu
LIEHTPUpOBaHa IpaHb, NpoTuBoiekamas c). [lo cornamenuto, ocb 2 MOHOKJIMHHON PELIETKU
COBMEIIAIOT ¢ KOOPMHATHBIM HaIpaBJieHHeM D, mosTomMy B-pemieTok ¢ meHTpUpOoBaHHON Mapoi
rpaHel, MPOTHBOJISKAIINX D, B MOHOKJIMHHOM CHHIOHUH He cymiecTByeT™. B opropomMOmueckoit

* Jlo cepemmapl XX Beka oco0oe HalpaBIIeHHE MOHOKJIMHHBIX KPHUCTAWIOB (T. Ha3. «OCh

MOHOKJIMHHOCTH») OBLIO MPMHATO COBMEIIATH C HANpaBIeHHeM c. B 1ol yemanoeke y#90° n BO3MOKHBI
A- u B-60Ko1IeHTprpOBaHHBIE MOHOKJIMHHBIE KPUCTAILIH, @ C-IIEeHTPHUPOBaHHBIE HEBO3MOXKHBI.
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pelIeTke MPSMOYTOJIbHBIM SIBISIETCS JII000€ CeueHue, MPOXOJIIee uepe3 JBa MapalielbHbBIX
pebpa sueliku, 03TOMY 371eCh BO3MOKHBI TpuMmuTHBHasA (P), 6okonenTpupoBannsie (A, B, C),
obvemnoyenmpuposannas (1) u epaneyenmpuposannas (F) pemeTku.

OTtmeTnM, YTO BCE Y3Jbl OJIHOM pEIIeTKH CHUMMETPHUYECKH SKBUBAJICHTHBI, a 3HAUUT
KaXbIi y3e1 JIO0JDKeH 007a1aTh OJMHAKOBBIM HAaOOpoM TpaHcmauuid. IlosTomy «iaBaxkabl
OOKOLIEHTPUPOBAHHAS) pEIIeTKAa C y3JlaMUd B LEHTPaxX YeTbIpeX IpaHed B JACWCTBUTEIHHOCTHU
SIBIIIETCSI TpaHEIleHTpupoBaHHOM F-pemrerkoii (Puc. 2.8 a). Beigenss npsmMoyronbHbIe CEUeHUH,
CBSI3aHHbBIC IOBOPOTHBIMU OCSIMH, B PEILIETKAX CPEeIHEH KaTeropuu CUMMETPHH, C YU€TOM ATOTrO
00CTOSITENTLCTBA MOKHO YOCIUTHCS, YTO B TETPArOHAIBHON CHHTOHUU UMEITCs P- u |-pemeTku
(Puc. 2.8 6, B), a poMOO3IpHUYECKON M TeKCAarOHAIBHOM — TOJIBKO NMPUMHUTHBHBIC PEIICTKH.
Hakonen, B KyOuuyeckol CHHIOHHUM BO3MOXHBI P-, |- m F-, HO He OOKOLEHTpUpPOBaHHBIE
pEIIeTKHU, MOCKOJbKY TpaHu KyOWYEeCcKOW 3JIEMEHTApHOW SYEHKU CBSA3aHbl JAMArOHAJbHBIMU
OoCSAMHU 3, KOTOpBIE MPEBPAIIAOT OOKOIEHTPHUPOBAHHYIO SYEHKY B TpaHELEHTPUPOBAHHYIO.
TakuMm o0pazom, AJid TPEXMEPHBIX KpucTaiioB umeercst 14 pemrerok bpaBe, pacnpeneneHHbIX
1o ceMu cuHroHusM (cm. Tabm. 2.3).

(a) (6)

Pucynok 2.8. (a) Ilepexonm or «aBaxabl OOKOIEHTpUPOBaHHOI» A+B-sueiiku k F-sueiike
JeMCTBUEM JMAarOHAJIbHBIX TPAHCISIUMA, CBS3BIBAIONINX Y376l B LIEHTpaX OOKOBBIX I'paHeid, Ha
y31el B BepmmHax (cepele cTpenku). (0) Ilepexom ot TterparoHanbHOi C-sS4elku K
TeTparoHanTbHON P-sueiike BIBOE MeHbIIero obwsema (a’=a/\N2, yrom y’=90°). (B) aHAMOrHYHbIH
NepexoJl OT TeTparoHajabHOU F- K TeTparoHanbHOH |-sueiike.

Bce pemetkn bpaBe TpexMepHBIX KpHCTAIOB Toka3aHel Ha Puc.2.9. Bribop
HaIpaBlieHu# @, D ¥ C B MPUMHUTHBHON POMOO3IPHYECKON PEIIETKE HE COTNIACYETCs C MPaBHIOM
penepa bpase (mpaBuio (5) Ha crp. 5), MOCKOJABKY WHBEPCHOHHAsS OCh 3 HAMBBICIICH
CUMMETPUHU MPOXOIUT B HEH HE M0 KOOPAMHATHOM TPaHCIALMY, a [0 AUaroHanu pomboszapa. K
HOBOMY Oasucy a', b', C', B KOTOpOM HampaBicHHE ¢’ coBmagaeTr ¢ ochio 3, @' u b’ ei
HEePICHIMKYIISPHBI U a'=D'#C', MOXHO nepeiiTu npeodpa3zoBaHHEeM

O oo

a—b,
b-c,
a+b+c,

KOTOpOe ITIPUBOAUT TPUTOHAIBHYIO P-peleTky K TeM ke KoopauHaTHeIM ocsaiM (o=B=90°
y=120°), 4To M y reKcaroHambHOro kpuctamia. OObeM MOIY4EHHOM 3JIEMEHTAPHOI sYeiKu
BTpoe Oouiblie 00beMa NPUMUTHBHOIO pOMOO03Jpa, a BHYTPH HEE PACIOJIOKEHBI J1BA y3Jia C
«be3pazmepHbiMU» Koopaunatamu (1/3, 2/3, 1/3) u (2/3, 1/3, 2/3) (puc. 2.10 B, r).
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e — reKcaroHaJbHasd

e — KyOmyeckme (cM.
Tabx. 10)
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Pucynok 2.9. Pemerku bpase TpeXMepHBIX KPUCTAIIOB M UX IIPOCTPAHCTBEHHBIC IPYIIIIbI

(r)

Pucynox 2.10. IlpumutuBHBIE poMOOdapHYECKHE SYCHKH (a) B OOBEMHOIICHTPUPOBAHHOMN

Kyoudeckon (o =

109.44°), (6) B rpaHeLeHTPHpPOBAaHHON KyOmueckoi (oo = 60°) pemerkax.

IMpumutusHast (Xg, YR, Zr) ¥ 1Bax bl neaTpupoBanHast (Xy, Yy, Zy) YCTAaHOBKH TPHUTOHATBLHON
pomOo3IprdecKast pemeTku: (B) oOmuit BuI, (T) MPOEKIIHUs BOJIb HAIIPaBICHUs ¢ .
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[TogyepkHEM, YTO CHMMETPHS y3Jia B POMIOOIPUYECKOM pemietke ( 3M) HUXKE, YeM B
NPUMUTHBHON rekcaroHaabHoi (6/mmm). B muteparype 3Ta pemierka HE COBCEM CTPOTO
HAa3bIBACTCS «TEKCATOHATBHON JBAXK/IbI ICHTPUPOBAHHOW HITH «2eKca2oHabHot Ry. [loaTomy B
HEKOTOPBIX YYEeOHHKaX TpPEXMEpPHbIE KPUCTAIIBI MOAPA3JCISIOT HE HA CeMb, a Ha IIECTh
CHHTOHHH, OTHOCS TPUTOHAIBHYIO POMOOIAPUYECKYI0 pPEHIETKY K TIeKcaroHaabHOW R-
nojcuHronnd. Tak Kak 10 TEeNECHBIM TUAaroHalsAM Kyba HpOXOISIT OCH 3, B KYOMYECKYIO
CHHTOHHIO TIEPEXOAAT poMOodapHueckue pemerku ¢ yraamu  o=90° (npuMHUTHBHAs
Kyouueckas), a=60° (rpanenenTpupoBannas Kyoudeckas) u o=109° 44' (yron mexay ocsimu 3 B
TeTpa’ape: 00bEMHOIICHTPUPOBaHHAs KyOuueckas perrerka) (Puc. 2.10).

2.4. Touxku, npsiMble JIUHUHU U IVIOCKOCTH B KPUCTA/LIOrpaduyecKoi cucteMe KOOPAMHAT

Msbl BuIenU, YTO KpUCTAUIOTpaduuecKas CHCTEMa KOOPIWHAT, «HATSHYTas» Ha
0asucHble TpaHcsuu a, b (B 2D-kpuctamie) unu @, b u ¢ (B 3D-kpucraiie), B o0iemM ciydae
HE SIBJIICTCS OPTOTOHANILHOU (M TeM OoJjiee eKkapToBoi). J[iist Toro 4ToObl B KOMIIAaKTHOU (hopme
ONHUCaTh CTPYKTYpPY KpUCTaUIa HAa aTOMHOM YpPOBHE, HEOOXOAWMO YMETh 3a/aBaTh B AITOH
CHCTEME TOJIOXKCHHS TOYEK, JMHUW W TUIOCKOCTEH, a TaK)Ke BBIYUCIATH MO 3TUM JIAaHHBIM
METPUYECKHE TTapaMeTPhl CTPYKTYPHI (PaCCTOSHUS, a TAK)KE TUIOCKHUE U IBYTPAHHBIC YTIIbI).

KoopauHaTel TNPOW3BONBHOW TOYKHM — HalmpuUMep, T[O3UIUI0 aroMa — BHYTPH
anemMeHTapHoil sueiiku 3D-kpucramia (B camoMm oO0ImIeM ciiydae TpPUKIMHHOTO) 33/al0T B
6e3pazmepaom Buae X', Y',Z', tae X'=x/a, y'=y/b, z'=z/c — oTHOWICHUS MJIHUH KOCOYTOJBHBIX
npoekuuii Bekropa r={X, Y, Z}, IpoBEJCHHOr0 M3 Hadajia KOOPAWHAT B ATY TOUKY, K JUIMHAM
0a3uCHBIX BEKTOPOB &, b u C (Puc. 2.11). Takas TpoiliKa IMOJOKHUTEIbHBIX YHUCEI, HAXOASAIIUXCS
mexay O u 1, Ha3pIBaeTCsl TPOOHBIMH, WU (PAKyYUuOHHbIMU, KOOPJUHATAMH TOYKU B SUYCHKeE.
Touke, nexarei B MPOU3BOJIBHOM sSUCiiKe KpHCTaLIa, COOTBETCTBYET BeKTOp r+ua+vb+wc, rae
U, V1 W — 1IeTIble YHclia TPAHCIALUH, Ha KOTOPhIE 3Ta s4YeiiKa OTCTOUT OT Havyajla KOOpAWHAT (B
3aBUCUMOCTH OT HAIPaBJICHUS TPAHCIISINN, YUCIa MOTYT OBITh KaK IOJIOKUTEIbHBIMHU, TaK U
oTpuuLaTeNbHbIMK). DpakMOHHBIE KOOPAMHATHI TOUKH B 3TOM CiIy4ae paBHbI X'+U, Y'+V, Z'+w.
[TapameTpsl deMEHTapHON SUYEUKH U (HPAKIIMOHHBIE KOOPAMHATHI COJIEPKANXCS B HEH aTOMOB
MIOJTHOCTBIO OTIPEICTISIIOT CTPYKTYPY KpucTaiia. Jlanee mMbl Beerna Oy/ieM CYMTaTh KOOPAMHATHI
TOYEK X, Y, Z B Aueiike (pakiMOHHBIMY, T.€. 0€3pa3MepHBIMHU, OITYCKask IITPUXH.

Pucynok 2.10. Koopaunatsel atoma (X, Y, Z) B KOCOYTOJIBHOM cucteme (cxema)

UroObl paccUMTHIBATh T€OMETPUUYECKHE XapPaKTEPUCTUKH CTPYKTYPBI IMPOU3BOJIBHOTO
KpucTaJlja (HalpuMep, AJIMHbBI MEXATOMHBIX CBSI3€H U BaJICHTHbIE YIJIbI, 00pa30BaHHBIE CBSI3IMU
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npy OXHOM artome) 1o Habopy (pakuMOHHBIX KoopAauHaT artomoB {Xi/a, Vi/b, zi/c} B
HEOPTOroHaIBLHOM Oasuce @, b, ¢, HeoOXomumMo 3HATH mMapaMeTphl sueliku @, b, ¢, o, B u 7.
Baxxnoit xapakrepuctukoid Takoro Oasmca siBisiercs mampuya I pama Ggpe: CUMMETpUYHAS
KBaJpaTHas MaTpula 3x3, COCTaBJICHHAas W3 BCEX CKASIPHBIX IPOM3BEICHUS Oa3HCHBIX
BEKTOPOB:

(@a,a) (a,b) (ac)
Gane =| (b,a) (b,b) (b,c)
(c,a) (c,b) (c,c)

(HammomMHUM, 4TO CKaJIIpHBIC TPOU3BEACHHUS 0a3MCHBIX BEKTOPOB PEIIECTKH PABHBI

(a,a) = a% (b,b) = b? (c,c)=c’
(a,b) = (b,a) = ab-cos y
(a,c) =(c,a) =ac-cos B
(b,c) = (c,b) = bc-cos a,

U CKaJISIpHOE MPOU3BEACHHE 000N aphl B3aUMHO MEPIEHIUKYISIPHBIX BEKTOPOB PaBHO HYIIIO).
Benuuuna onpepenutens wmartpuubl ['pama  paBHa KBaapaTy oObeMa KOCOYTOJIBHOIO
napaJuielienuIesa, «HaTIHyTOro» Ha BEKTOphI @, b u C:

(2.2) Vane = (det Gabc)ll2

®opmymna (2.2) mo3BONAET paccuuTaTh 0OBEM IIEMEHTApHOHN SUSHKH KpHCTalUIa JIF000i
cuHronuu. Tak, B OpPTOPOMOMYECKON, TETparoHaJbHOM © KyOMYECKOM CHUHIOHUSAX C
OPTOTOHAIBHBIMU KPHUCTAJUIOTPAaHUSCKUMU KOOPJMHATAMU BCE HEIUArOHAIBHBIC AIIEMEHTHI
matpuisl I'pama pass 0, det Gape = (a?b%c?), u V = abc. Jlns MOHOKIMHHON CHHTOHHH TIPH
B#90° (a,c)=(c,a)= ac-cos P # 0. Pasnaras onpenenuTensb MO BEpXHE CTPOKE M PacKphIBas
MUHOPBI 2X2, IOJIy4uM

a> 0 (a,)
detf 0 b 0 |=a’h?c?® - a’b’c’cos’P = a’b’csin’p,
(ca) 0 c?

T.€. Vionowr = abc-sin B. B rekcaronanbroit cunronuu (a = b, y=120°) Ve = a’c sin Y =-a’cV3/2.
[To TOW >ke cXeMe MOXHO BBIBECTH Ooyiee CIOXHbIE (DOpMynbl aisi oObeMa SYCHKH B
POMOOSAPUUECKUX U TPUKIMHHBIX KPHCTaILIaXx.

C momornipo MaTpuIlsl [ paMa MOKHO HAWTH CKAJISIPHOE TIPOM3BEICHUE JBYX BEKTOPOB C
0e3pasMepHbIME KoopauHaTamu F1={X1, Y1, Z1} u r,={X2, Y2, Z»} B IPOU3BOJILHOM KPUCTAJLIIC

(ava) (a,b) (a,C) X2
(2.3)  (r1, r2) =rir:cos 6 = (Xy Y1 21) (b,a) (bb) (bc) [||Y2| = "XiGapcXo,
(ca) (cb) (c0) Jlz2

rae “Xi 1 Xz — COOTBETCTBEHHO BEKTOP-CTPOKA Iy M BEKTOP-CTONOEI I, 6 — yroa Mexay STUMH
BekTopamu, Gape — Marpuna ['pama. Ilo dopmyne (2.3) ans mro0oif mapbl TOYeK Xi, Y1, Z1 H
X2, Y2, Z2 MOXKHO BBIYHCIHTH PACCTOSIHME I Kak JIUHY BeKTOpa Ip—r1={Xp-X1, Y2-Y1, Zo-Z1}=
{AX, Ay, Az}, a Taxke yron 0 Mex 1y BeKTOpaMu I u Ip

(2.4) r = ("XGapcX)Y?, X = {AX, Ay, AZ};
0 = arccos [("X1GapcX2)/(r1r2)]
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CootHomeHust (2.4) MO3BOJSAIOT PACCUUTATh FEOMETPUYECKUE MAPAMETPhl CTPYKTYPHI JIFOOOTO
KpHUCTasIa.

be3pa3sMepHbIMH KOOpIMHATAMH JIFOOOTO y3ja PEIISTKH, OYEBHIHO, CIYKUT TPOHKa
IEJBIX YrcelT U V W (KX 3amUChIBAlOT O3 CKOOOK 1 0e3 3amsThix). «OpUEHTHPOBAHHYIO» MPSIMYIO
JIMHUIO, TPOXOJAIIYIO Yepe3 y3Jibl, 0003HAYar0T [UV W]: OJMH U3 y3JI0B, JeXKAIHi Ha JIMHWH,
NPUHAMAIOT 33 HAYal0 KOOPAWHAT, W B KBAJPATHBIX CKOOKax 0e3 3aIsIThIX 3alHCBHIBAIOT
KOOPJMHATHI OJIFDKAMIIEro y3jia Ha TOH jke mpsAmoi. llenodnciieHHbIe KOMIIOHEHThI BEKTOpa
[uv w] HaswiBatoTCs undekcamu kpucmannoepaghuueckoeo nanpasienus. Numexcam [uvw] u
[ U vV W] coOTBETCTBYIOT MPOTHUBOIOJIOXKHBIC HAIPABJICHHUS 1O OJHOW W ToM ke juHuu (Puc.
2.11a). «3Be3ma» HampaBlIeHUH, NEPEBOJUMBIX OJIHO B JPYroe OINEpalusMd CHMMETpPHU
KpucTautorpaMueckoro  kiacca, o0Oo3HavaeTcs HMHACKcaMu (UV W) TpPOHKOW  LEeNbIX
MOJIOKUTEIBHBIX YHCEN 0€3 3amsAThiX B TPEYroJbHBIX CKOOKax. Tak, i OpTOpOMOMYECKOro
kpuctaia HarpasieHusiM (11 1) B kpuctamuorpaguueckoM Kiacce MMM OTBEYalOT BOCEMb
BekTOopoB Buaa [+1 +1 +1], a B kitacce mm2 — getsipe Bekropa [+1 +1 1] (Puc. 2.11 6, B).

[T711] [111] [171] [111]

[13] [24]=[12] e "

: N Y
S——F "y
o TN

\ _v_ _ _
(171 (11 17)
\

[1 3] U N RS
(a) (6) (®)

Pucynok 2.11. (a) Uuaekcsl kpuctautorpaduuecKux HarpasieHuit [U V] B 1BymMepHO# ceTke, (0)
Hanpasienuss (11 1), cBs3aHHBIC ONEpalMsIMU CUMMETPHH B KPHCTaUIOTPapUUIECKOM Kiacce
mmm, (B) nanpasienus (1 1 1) B kimacce mm2.

B kyOuueckoM KpucTaiie TpU B3aUMHO NEPICHAUKYJSPHBIE TPAHCISALUUA OJMHAKOBOMN
nmuHbl  (@=b=C) 3amar0T OPTOTOHANBHYIO CHCTEMY JCKapTOBBIX KOOPIHHAT, B KOTOPOM
paccTosTHUSA MEXIy JIIOOOM mMapod TOYEeK YMHOXKAIOTCS Ha TMapaMerp « (MaciTaOHBII
MHOXUTENb). W3 aHaNmWTU4YeCKOW T'€OMETPUU HU3BECTHO, YTO B JIEKapTOBBIX KOOpAMHATaX
ypaBHEHUEM

Ax+By+Cz+D =0

3a/1aeTcsl IIOCKOCTb, epneHaAuKyisipHas BekTopy (A B C) u oTcekatomiast oT Hayaja KOOpAUHAT
OTpPE3KH, POMOpIMOHaIbHbIe oTHOIIEHUSIM Xo=A/D, Yo=B/D u zp=C/D. ITosTromMy B KyOH4YeCKOii
cuaronnn uepe3 y3en pemerku 000 (D=0) nepneHIUKYISIpHO KaXIOoMy BeKTOpy [UV W]
IPOXOJUT MJIOCKOCTh

(2.5) ux + vy +wz =0,

B KOTOPOI1 JIeKAT Y3JIbI C IIETOYMCICHHBIMU KOOPAMHATAMHU X Y Z, OTBEYAIOIIUMH YCIOBHIO (2.5).
JleiicTBreM TpaHCHSUN Ha 3TY IUJIOCKOCTh MOJYYHMM OECKOHEUHYI0 CHCTEMY MapauleNbHBIX
Kpucmaniozpaguueckux niockocmeil, Kaxaas U3 KOTOPbIX IPOXOIUT Yepe3 y3JIbl PEIIETKH.
Takum oOpa3om, B KyOMUeCKO#l perieTke TpoWka LEeNbIX duced U,V,W MOMKET CIYKUTb
WHIEKCAMU Kak Juid HampaeieHuss [UVW], Tak u 18 OECKOHEYHOH  CHUCTEMBI
NEePHEHANKYIISIPHBIX €My KpHcTaorpaduuecknx IIocKocTei. JIBe cocemHue TUIOCKOCTH B
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TAKOW CHUCTEME OTCEKAaIOT OT TPEeX KOOPIMHATHBIX OCeH OTpe3KH uHOU ax=alu, by=b/v u
Cz=C/w (yuuTbIBasi, 4TO I KyOMuecKoro kpucramia a=b=c, puc. 2.12 a).

B mpou3BoibHO#N CHHTOHMH, TIjie yciaoBHe a=bD=C He BBIMOIHIETCS WK (H) BEKTOPHI
a, b, c we oproronanbHbl, KpHCTaIOrpaduUecKkue IUIOCKOCTH YK€ HE MEPHCHIUKYIISIPHBI
KpHcTaUIOrpa)MueCKUM HarpaBjieHusiM. TeM He MeHee, OECKOHEUHYI0 CHCTEMY MapalIeIbHbIX
IJIOCKOCTEM, MPOXOASIINX Yepe3 y3ibl PEIIETKH, B 3TOM CIydae TakKe 3aJat0T TPOUKOU LEbIX
yrcen: undexcos Muanepa (h K1), kKoTopble 3anmuchIBalOT B KPYIIIbIX CKOOKax 0e3 3amsaThiX. [1o
OIpEIEIIEHUIO,

h= a/ax
(2.6) k = b/by
| =clcg,

rae @, b, ¢ — mmHBl pebep 3yIeMEHTapHOW SUYEHKH, ax, Dy, Cz — COOTBETCTBEHHO JTHHBI
OTPE3KOB, OTCEKAEMBIX OT 3TUX pebep mapoit cocemnux miockocreit (Puc. 2.12 6). UHaekcam
(hkl) mw ( h k| ) orBewaer ogHa M Ta ke CHCTEMa IUIOCKOCTEH C HMHBEPTHPOBAHHBIMHU
HANpaBJICHUSIMH BCEX KOOPIMHATHBIX TPAaHCIANMNA. B pEeHTreHOBCKOH Iu(pakToMeTpuu
ungekcel h k| Takke mnpunuceiBaroT peduiekcaM, paccMaTpUBacMbIM  KaK — OTPaKCHHs
PEHTTEHOBCKOTO JIyda OT OECKOHEYHOW CHCTEMBl MapajuIeIbHBIX KPHUCTAILIOrpapUIecKuX
IUIOCKOCTEH, yCUJIeHHbIe KOHCTPYKTUBHON UHTEp(EpeHLIEH.

By [211 (120

—\
\ _——\duo
—_\

(a) (6)

Pucynok 2.12. (a) Kpucramnorpaduyeckoe HampasieHue [2 1] u meprneHAUKYISpHbIE K HEMY
nuHUY (Ceporo 1BeTa) B KBajpaTHOH miockoii cetke (a=h, y=90°): ax = a/2, by=b.

(6) Kpucramiorpadpuueckue miockoctd cuctembl (1 2 0) (moka3aHbl cepbiM IIBETOM, ax=a,
by=Db/2) u nepnennukynsapHoe Kk HUM HekpHUcTaUTOrpaduUecKoe HapaBIeHue (cepast cTpenka) B
TPEXMEPHOW TPUKIMHHON pemeTke. BolieneHsl y3ibl B Ha4ajie KOOpIUHAT.

c

-
@rrensnsannns

(100) (210) (212
Pucynox 2.13. Hupmexkcel Mwiepa Ui CUCTeM KpUCTaIOrpadUuecKux IUIOCKOCTEH B
TPEXMEPHBIX peIeTKaX.

a
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3aMeTHM, 4TO B IPUMHUTHBHBIX pElIeTKax WHAEKChl Muepa no onpeaeneHuto (2.6) He
MOTYT MMETh OOIIMX IETOYHMCICHHBIX MHOXHTENEH, oTimuuHbXx oT 1. Tak, B cucreme (2 2 2)
NOJIOBMHA BCEX IUIOCKOCTEH JOJDKHBI MPOXOJUTh HE Yepe3 Y3Ibl, a Yepe3 CEepeluHbI pedep
9JIEMEHTAPHBIX SYECK — HO TAKUe IUIOCKOCTH HE SBJIAIOTCS KpHucTauiorpaduueckumu. Eciun ke
KpHCTAUIOTpaUUeCKie IJIOCKOCTH —TapajuieNibHbl  ONHOM JIMOO JBYM KOODJHHATHBIM
TPaHCIISIHSAM, COOTBETCTBYIOIINE HHICKCH Muiiiepa i HuX paBHbl Hyimto (Puc. 2.13).

Wunexcamu Muiepa (h K 1) B kpucramnorpadguu takxke 3aal0T OJUHOYHBIE IIOCKOCTH
U3 COOTBETCTBYyIOIIEro cemeiictBa. B stom cimydae 3ammck (hkIl) u ( h k | ) orBewaer asym
HapauIeIbHBIM TUIOCKOCTSIM, HaXO/SIIUMCS Ha OJMHAKOBBIX PACCTOSHUSAX IO Pa3HBIC CTOPOHBI
OT Hayaja KOOpJHMHAT. DTHUM crocoboM ya00HO 0003HauaTh rpaHu Kpucrawwia. Habop
CHMMETPHYECKH DKBUBAJICHTHBIX IUIOCKOCTEH, MEPEBOJAMMBIX OJHA B APYIYIO ONEpalUsIMH
CHMMETPHH TOYCYHOM TIpymmbl Kpuctauia, HaseiBaercs gopmou {h Kk} (aubo npocmot
¢opmoit); Gopmy 0003HAYAIOT TPOWKOW HEOTPHUIATEIBHBIX HHIEKCOB Muiuiepa B (pUTypHBIX
ckobkax (Puc. 2.14).

z

Pucynok 2.14. Okrasap kak mpoctas ¢opma {111} Toueunoit rpymmsl M 3 M; TOKa3aHbI
UHJEeKCchl Muiepa i IByX rpaHei.

Kparuaiiiiee paccTosiHie MKy Mapoi COCETHUX KPUCTAILTOTpahUUECKHUX TIIOCKOCTEH B
cucreme (hkl) (mesxcniockocmuoe paccmosinue dpg) B OPTOrOHAIBHBIX KPUCTAIIOrPapHUECKUX
KOOPJIMHATAX YIOBJICTBOPSAET MPOCTHIM COOTHOIICHHSIM

1dna® = h/a® + K% + 12/c? JUIE OPTOPOMOMYECKON CHHTOHUH
(2.7) Udn® = (h*+ k?)/a? + I2/c? JUTSL TETParoHaIbHON CHHTOHUH
Udn = (h2+ K%+ |2)/a2 JUIsE KyOU4eCKO CHHTOHUH

®opmyel (2.7) 1erKo MPOBEPUTH HA IPUMEPE CUCTEMBI KPHCTAIUIOTPahUUECKUX MapalIeTbHbBIX
JUHUN B IJIOCKOM OpTOroHaNbHOW ceTke (puc. 2.15). BripazuB miomaapr MpsSMOYTrOJIHHOTO
tpeyronbauka OAB uepe3 mpousBenenue amuH karetoB OA=ax=a/h, OB=by=b/k u uepes
MIPOW3BEJICHUE JITTMHBI THITOTCHY3b AB = (ax2+by2)1/ % Ha BBICOTY Ohk, 3aT€M BO3Bes 00€ YacTh
paBEHCTBa B KBaJpaT U BBINOJIHUB COKPALICHUE, TIOIYIHM

(alh)-(b/k) = (@2/h?+b*/k?)"? diy,
(a%b%)/h%k? = dpd(k?a® + h?b?)/hk?,

OTKYJIa, TOCJIE COKpAIICHUs 3HAMEHATEeJIeH U JIEJICHHS JIEBOM U MTPaBOM 4acTel Ha azbzdzhk ,
1/dn? =(k%a® + h®b?)/ (a’h?) = h¥a® + K°/b?
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Pucynok 2.15. BeiBox ananmora cootHomeHui (2.7) aiis miI0CKOH OPTOrOHAIBHOM CETKH

AHanoru cooTHOIeHuH (2.7) AJIT KOCOYTOJIbHBIX CHHTOHUN UMEIOT 00Jiee CIIOKHBIA BU]T
W BKJIFOYAIOT JJIEMEHTHI Marpuilbl I'pama. Ha OCHOBE BCeX TakKUX COOTHOIICHUH HWHICKCHI
Musepa (h k1) MoxHO paccmarpuBaTh Kak KOOPAMHATBHI y3JI0B B aOCTPaKTHOH obpammoil
pewemke ¢ 0a3MCHBIMUA BekTOpamu a*, b*, C*, Moaynu KOTOPBIX OOpPaTHO MPOMOPIHUOHAILHBI
JUIMHAM KOOPAMHATHBIX TPAHCISIMH (T.e. MMEIOT pasMepHOCTh oOpaTHON mmmmbl [A']).
[TpencraBnenuss 00 oOpaTHOW pelIeTKE IIUPOKO HCIOJB3YIOTCS B TEOPHUH PEHTTCHOBCKOW
T paKuy 1 BO MHOTUX pa3fieniax (U3uKHU TBEPAOTO Tela.

2.5. OTKpBIThIE YJ1eMEHTHI CHMMETPUH

Kpome Tpancasiuii, B IpoCcTpaHCTBEHHYIO IPYIIY KpUCTaJljla MOTYT BXOJUTh 3aKPBIThIE
KpUcTaiorpapuyeckue 31eMeHThl cuMMmerpur. (st OECKOHEUHON LEMOYKH MOJUITHICHA Ha
puc. 2.1 6 TakMMHU 3JIE€MEHTaMH SIBJISIOTCS IJIOCKOCTH M, OCcH 2 U LIEHTpbl MHBepcuM 1, Juist
reKcaroHajbHOM MJIEHKH MbUIA Ha puUC. 2.2 6 — ocu 6, MPOXOAIINE MO OCSIM HJI€aIM3UPOBAHHBIX
«umaHIpoB» H-CiHone1, 1 T.1.) KaxkaoMy 3akpbeITOMY 3JIEMEHTY OTBEYaeT HAaOOp oOmepaiuii
CUMMETPHH, OCTABJISIOIIUX HA MECTE XOTsI Obl OJJHY TOUKY KpHCTallIa: 3TH 3JI€MEHThI 00pa3yroT
TOUYEUHYIO TpYMIy, MOPSAAOK KOTOPOM HA3BIBACTCA NOPAOKOM 31emenma cummempuu. Jns
IPOM3BOJILHOTO 3aKPBITOTO AJIEMEHTAa CUMMETpUHU R mopsijika N cripaBeuIiBO COOTHOILIIEHHUE

R'=1

(n-xpaTHOe moBTOpeHHe onepari R’ 1aeT TOKIECTBEHHOE MPpeobpasoBarue 1).

B ommume OT 3aKpBITBIX ONEpalMii CHMMETPUH, TPAHCISIIAM TMPHBOIAIT K
CaMOCOBMEIICHHIO OCCKOHEYHOU MEPUOANYECKOi (DUTyphl, HE OCTAaBIsisl B HEH HEMOABMIKHBIX
ToueK. Bce Takue omepanuu HA3BIBAIOTCS OmMKpouimbiMu. [IOCKOIBKY BO3MOXEH MEPEHOC Ha
A000€ EeN0e YHCIO TPAHCIAIMNA, 3TO — OTKPBITHIC ONEpaldd CHMMETPUH OECKOHEYHOTO
nopsiika. C TPaHCIAMSAME COBMECTHMBI JIMIIb HEKOTOPHIC 3aKPBHITHIC DJIEMEHTHI CHMMETPHH,
Ha3bIBa€Mble KPHUCTAIOrPaQUUECKUMH; B JBYMEPHBIX U TPEXMEPHBIX KPHCTAIAX O3TH
3JIEMEHTHI (pa3ll. 2.2) MOTYT UMeTh Topsaku N = 2, 3, 4 unu 6.

JloGaBneHue TpaHCISIIUiT K HAOOPY 3aKpBITBHIX OMEpAIMil MOPOXKIACT HOBBIC, paHee He
BCTPEYABIINECS HAM OTKPBITBIE 3JIEMEHTBI CUMMETPHH: niockocmu ckoavoicenus: (glide planes) u
eunmogble ocu (SCrew axies). J[yist Takux 3JeMEeHTOB CIPaBeITUBO 00IIee COOTHOIICHHE:

(2.8) R" = pt,
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rae R — oTkpeitas kpucramiorpaduyeckas onepanus CMMMETpuH, t — KpaTuaiiimas TpaHCIsIus
KpcTauia, P < N — menoe 4ncio (N-KpaTHOE IOBTOPEHHE omepamdd R’ paBHO3HAYHO
tpaHcismu). «Yucteie» Tpancsuuu (R=t) 3amatrorcs dopmyioii (2.8) mpu p=n=1, 3aKpbITHIM
3JIeMEeHTaM CUMMETpUH oTBeyaeT p=0 (OTCYTCTBUE TPAHCIAIMI SKBUBATICHTHO TOX/I€CTBEHHOMY
peoOpa30BaHuIo).

Ctporo roBops, BCe HETPAHCISIMOHHBIE OTKPBITHIC 3JE€MEHTH R nMeoT GecKOHEeUHBIN
MOPSIOK, TaKk Kak M-KpaTHOE MOBTOPEHHE ONEpaii R' NPHBOIMT K CAMOCOBMEIICHHMIO
KpUCTaJlJla MpH JIOObIX IeNnbIX uuciaax M. OJIHAKO OHM BBIBOAATCA M3  3aKPBITHIX
KpHCTAIUIOrpaMueCKMX AJIEMEHTOB KOHEYHOIrO MOpsiaka N, Tak 4To mpu Jirodom M=An+k
pe3ysIbTaT OTKpbITOl omepamuu R™ siBastercst cymmoii oneparuu R€ (K<n) u Tpascmsuuun At.
['OBOPSAT, UTO OTKPHITHIE ONEPALUU CUMMETPHH MPHUBOIAT K CAMOCOBMELICHHIO «C TOYHOCTHIO
0 TpaHcasuu». Ha 3TOM OCHOBaHMM IUIOCKOCTSIM CKOJIB3SIIETO OTPAKEHHsSI MPUIIHCHIBAIOT
HOPS/IOK 2, @ KpUCTAIUIOTpapUUECKMM BUHTOBBIM OCSIM — MOPSIIKHU 2, 3, 4 win 6.

OCc00EHHO MPOCTO OTKPBITHIC FJEMEHTHI BBIBOJIATCS C TIOMOIIBI0 COOTHOMIECHUs (2.8) u3
3aKpBITBIX JJIEMEHTOB 2-TO TOpsiaka. B 3ToM ciiydae oTkpbiTas omnepauuss R sBusercs
COUYeTaHHEM 3aKpbITOH onepanuu R’ co cABUTOM Ha MOJOBUHY TPAHCISALNHU, TaK YTO

RP= (R’ +t2+t2=t

(r.e. p=1). MoxHO mOKa3aTh, 4YTO AOOABICHWE IIOJIOBUHBI TPAHCIIMU K HMHBepcHd | He
MOPOKJAET OTKPBITHIX IEMEHTOB cuMMeTpuu. Ho oTpakeHue B IUIOCKOCTH CO CIBUIOM Ha
IOJIOBUHY KpaT4aliei TpaHCIALUHN B 3TOW IMIIOCKOCTH — 3TO OTKPBITAsl ONEpaLMsl CKONb3AUe20
ompadicenuss (MM «CKOJNbXEHUs»). CaBuram Ha ‘.2 pa3HBIX KOOPIUHATHBIX TPAHCISIMN
COOTBETCTBYIOT Pa3HbIE KOOPJMHATHBIE MNIOCKOCTH:

IUIOCKOCTh &: OTpaXkeHue + caBur Ha t/2 = a/2,
IUIOCKOCTB D: oTpaxenue + casur Ha b/2,
IUIOCKOCTh C: OTpasKeHHe + CIBHT Ha C/2,

[ToxcTaBuB B (2.8) BEKTOPHYIO CYMMY JIBYX KOOPAWHATHBIX TpaHCIsuuii (t=a+b, a+c wim
b+C), MBI TOJIYYHUM Ouaconanbhvie TIIOCKOCTH CKOJIB3SIIETO OTPAKEHHsS CO CABHIaMH Ha
a/l2+b/2, a/2+c/2 nmm b/2+c/2. Bece >t mimockoct 0003HaYaroTCs cuMBOJIOM N. Hakower,
coueTanue moBopora Ha 180° co cIBMIoM Ha IOJOBUHY TPAHCIIALMH BIOJb OCH IIOBOPOTA JaeT
elle OJUH OTKPBITHI 3JIEMEHT BTOPOIrO MOpsSAKA: GUHMOGYI0 ocb 21. I'paduueckue CHMBOJIIBI
IJIOCKOCTEH CKOJIB3AIIEro OTpakeHUs MOKa3aHbl Ha puc. 2.16.

B kpucramnax ¢ LIEHTPUPOBAHHBIMU pEIHIETKAMU KpaT4alllMe TPaHCIALUU paBHBI
MIOJIOBUHE BEKTOPHOIH CYMMBI CIBUTOB TI0 IBYM KOOPJIMHATHBIM HAIPABJICHUSIM (111 PEIIETOK A,
B, C unu F) 1160 no Tpem koopaAuHaTHEIM HanpasieHusM (Ui |-pemerok). B atux kpucramnax
MOTYT CYIIECTBOBATh IUIOCKOCTH CKOJB3SIIEr0 OTPAXEHHUS CO CABHTOM Ha NOJIOBUHY
yenmpupyrowjett mpancaayuy tyeprp. (R2=t“emp_). Takue miaockocTH, BIEpBble OOHAPYKEHHBIE B
KPHUCTAJUIMYECKOW CTPYKTYpE ajMa3a, Ha3bIBAalOT «aJIMa3HbIMH» M 00O03HAYalOT CUMBOJIOM O
(diamond). Xots neiicTBHE «aniMa3HBIX» IJIOCKOCTEH BKJIFOYAET CABUT Ha BEKTOPHBIC CYMMBI
YeTBepTed KOOPIWHATHBIX TPAHCISAIMA — 3TO OTKPBITBIE 3JEMEHTBI 6MOpo2o TIOpsIKa,
HOCKOJBKY tyeqrp. PEACTABIAIOT COOOM CyMMBI ITOJOBUH KOOPIMHATHBIX TpaHCAuui (a/2, b/2,
c/2), tak urto d 2=tIleHTp (cm. Pumc. 2.16). Kpome TOro, B HEKOTOPBIX KpHCTaIaX C
LEHTPUPOBAHHBIMU pelIeTKaMH (HalpuMep, B MOJIEKYJISIPHOM KpHUcTajuie nojaa Ha Puc. 2.2 B)
pa3Hble TUIOCKOCTH CKOJILKEHHUSI MOTYT HakJanbBaThes. [1o pemenno MexayHapoIHOTO coro3a
kpuctaorpadgoB, HaunmHag ¢ 1992 1. «IBOMHBIE» IUIOCKOCTH CKOJB3AIIETO OTpPaXKEHUs
0003HAYaOT CUMBOJIOM € (B OoJiee paHHEH JUTEepaType CreluaibHble 0003HAYCHUS NI HUX HE
UCIIOJIb30BAJIHCH).

OTKpBITBIE JEMEHTHl CHMMETPUH BTOPOTO TOPSIKA MPHUCYTCTBYIOT, HAmpuMep, B
monekyne nommdTwieHa (CHy—CHz)w, comepikaimeil OSCKOHEUHYIO IUIOCKYIO TPaHCOUIHYIO
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[EMOYKY M3 aTOMOB yIjepoja ¢ MEepPHOAOM IMOBTOPsieMOCTH t B J1Ba METHJICHOBBIX 3BE€HA (CM.
puc. 2.1 6). (B peiicTBUTEILHOCTH 00as MOJMMEpPHAs MOJICKYyJa, KaK M JIFOOOW KpUCTa,
COCTOUT M3 KOHEYHOTO 4YHCJa 3BEHBEB (DIIEMEHTAPHBIX SUEEK) — HO €CIM 3TO YHCIO OYEHb
BEJIMKO, OECKOHEYHas LeMb C TPAHCISALUOHHOW CHUMMETPHEH CIIYXXHT XOpOIIeil MOJEIBIO).
[ToBOpOT OECKOHEYHOI IIeNU MOJUATUIICHA BOKPYI €€ OCEBOM JIMHUU CO CIOBMUroM Ha t/2
MPUBOJIUT K CAMOCOBMEILEHUIO U, TAKUM 00pa3oM, MO 3TOW JIMHUU IPOXOAUT BUHTOBAS OChb 21.
OTtpakeHue yriiepoJHON LEMOYKH B NEPIEHAUKYJIIPHON K HEH MIOCKOCTH, pacceKarolen 1enb
BIOJIb OCH 21, CO COBUIOM Ha /2 Takke NMPUBOAUT K CAMOCOBMEIICHHIO — a 3HAYMT, 3Ta
IUIOCKOCTh  SIBJISIETCSL  TUIOCKOCTBIO CKONB3ALIET0 OTpakeHus. Jlnst OeckoHewyHbIX uryp,
NEPUOANYECKHUX B BYX WJIK B OJHOM M3MEPEHUH, TAKHE MJIOCKOCTU 0003HAYAIOT 000OIICHHBIM
CHMBOJIOM ( OT aHrimiickoro cioa glide, T.e. «ckonbxenuey. [1o aHamoruu ¢ B3auMoaeiCTBHEM
3aKpBITHIX 3JIEMEHTOB CUMMETPUU BTOPOrO Mopsjka (cM. 4. 1) OOBIYHO TOBOPST, YTO OCh 21,
npoxojsuiast Mo JIMHUKM NEepeceueHus] B3aUMHO NEePHEHIUKYISPHBIX IIOCKOCTeW § U M BAOJb
HAIPaBJICHUSl CJBHUra, SIBISETCA PE3YyJIbTAaTOM B3aUMOACUCTBHUSI 3aKPBITOTO U OTKPBITOTO
AJIEMEHTOB CUMMETPHH. B ciemyromem paszene Mbl pacCMOTPUM Takue B3auMoJeHcTBHs Ooliee
JETAIIbHO.
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Pucynox 2.16. I'paduyeckne CHMBOJIBI INTOCKOCTEH CKOJIB3SIIIETO OTPaXKEHUs, MapauiedbHbIX (||)
U TIepIeHUKYISIpHBIX (L) miockocti pucyHka. O003HAUCHHUST KOOPAWHATHBIX INIOCKOCTEH &, b
U C onpeaensiorcs cucremoir koopauHat XYZ. Ilnockocth d ¢ MpPOTHBOMONIOKHBIM
HAaIIPaBJICHUEM CIIBUTa YepeayroTcs yepe3 1/4 KoopArHATHO TpaHCIISIHH.

Ha mnpumepax Ipyrux NOTUMEPHBIX IIEMOYEK MOXKHO YBHJIETh BHUHTOBBIE OCH Oolee
BBICOKMX MOPSAKOB. [Ipy 3TOM Ba)KHO IOMHHUTb, YTO OTKPBITHIE AJIEMEHTHI MOTYT CYIIECTBOBATH
TOIBKO B OECKOHEUHBIX MEpPHOJUMYEcCKHX (UTrypax, TJAe BCEerja NPHUCYTCTBYIOT ONeEpaluu
TpaHCISIMOHHOW cumMmeTpun T=At, A — moboe 1enoe uucno. Ecnu Bmons Tpancusmuu t
MPOXOJUT TIOBOPOTHAs OCh TOpsAKa N, OSCKOHEUHBIM Habop omepanuii CUMMETPUHU R*+At
(0<k<n) obpasyer rpyrmiry, B KOTOPOH MOKHO BBIJIEIUTH MMOATPYIITY BCEX BUHTOBBIX TTOBOPOTOB
¢urypel. MOXHO 10Ka3aTh, YTO HWHBEPCHOHHBIE OCH R nopsiaka N>2 0Opu COYETAHUU C
TPAHCISAIUSAMU HE TTOPOKJAIOT HOBBIX OTKPBITHIX AJIEMEHTOB CUMMETpuH. Takum obpazom, Ham
OCTaeTCsl paCCMOTPETh KpUCTaIorpadraeckue BUHTOBBIE OcH Topsiaka 3, 4 u 6.

[ToctpoMm MoAenbHYI0 OECKOHEUYHYIO IIelb W3 TeTPaxXJOopIUIaTHHAT-aHHOHOB PtCl,% B
3aCIOHEHHOH B3anMHOM opueHTanuu (Puc. 2.17 a). Bmonb 3Toif 11enu mpoXoAuT MOBOPOTHASI OCh
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4, coBmajarolias ¢ HampaBJIEHUEM TpaHCIAUi Aty, Tae typ — paccTosiHUE MEXIy COCeIHUMU
aHroHamu, A — ro0oe 1iesoe yucio. Eciau B KaXI0M 3B€HEe 3aMEHHUTH OJIH aTOM XJiopa Ha Br,
ciabple BTOpuuHble B3aumoseiicteus Pt...Pt u Br...Br npusenyt nomyuennyro nenb (PtClgBl’z_)w
B DHEPreTHYECKHU BBITOJHYIO 3aCJIOHEHHYIO KOH(DUTYPALHIO C TOBOPOTOM COCETHUX 3BEHHEB HA
90° (Puc. 2.17 6). B 3T0ii 1enu yxxe HET IOBOPOTHOM ocH 4, HO OHA 00JIaaeT TPAHCIIAMOHHON
CUMMETpHEH C TIEpUOJOM MOBTOpsieMocTH t = 4ty U BUHTOBOW CHMMETpHUEH: MOBOPOT HEHH
BOKpYr ocu Ha 90° MPOTHB YacCOBOM CTPENIKM CO CIABUTOM Ha t/4=t; Takke MPHUBOIHUT K €€
CaMOCOBMENICHUI0. TaKyto BUHTOBYIO OCh 0003HAUYarOT 41; YETHIPEXKPATHBIH BHHTOBOH TIOBOPOT
4,* okBuBanenTen TpaHcismmMM uenu t=4t,. HeTpygHO MOCTPOUTh M APYrHE MOJCIIBHBIC
OECKOHEUHBIC IIENH C TIEPUOJIOM MOBTOPsieMOCTH t=Nty, caMOCOBMeEINIaroNecs MpH OBOPOTE Ha
360°/n mpoTuB YacoBOW CTpENKH cO cABUroMm Ha t/n=ty (rme ty — mo-mpexHeMy paccTOosHUE
MEXy COCEIHUMH 3BeHbsMH). Kakmas Takas 1emnb 00JalacT BHHTOBOHW OChIO, M0 CHCTEME
I'epmana-Morena o6o3nauaemoit Ny (N=n — nenoe uucino, cm. ri. 1), rae Ni"=t B cooTBeTcTBUM
¢ popmynoit (2.8). [lepexonst oT 0MHOYHONW OECKOHEUHOH e K OECKOHEUYHOMY KPHCTaJLTY,
MBI JTOJKHBI OTPAHUYUTHCS KPUCTAIUIOTpahUICCKUMU BUHTOBBIMH OCSMU TIopsifka 3, 4 u 6.

MopenbHyt0 OECKOHEUHYIO IIeTh (PtCI\o,BrZ*)QO MO>XHO, OJIHaKO, IIOCTPOUTH H IO-APYTOMY,
noBopaumBasi cocenume pparmentsi PtCI3Br* ma 90° He mpotus, a 1Mo 4acoBoii crpeike (Prc.
2.17 B). /IBe mnomydYeHHBIE LEMOYKU (PtC|3Br27)oo SHAHMUOMOPEHYL, TIOCKOJIBKY OHH HeE
MIEPEBOIATCS APYT B APYyTa IBMIKCHHUSIME B TPEXMEPHOM MpOCTpaHCTBE (cM. 4. 1). BUHTOBYIO OCh
uenu Ha Puc. 2.17 B 0603Hauarot 43. Huyke MBI MOSICHUM CMBICJI TOT'O CUMBOJIA.

(PtCl %), (PtCl,Br#),, (PtCl,Br2-),  (tpaHc-PtCl,Br,% ).,
- 4 &’41 ~— 4 4
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Pucynok 2.17. BunroBble OCH 4, B MOJENIBHBIX IIENIOYKAX KOMIUIEKCHBIX HOHOB C IIJIOCKO-
KBaJ[paTHOW KoopauHamueil aroma Pt: (a) 4 + Tpancnsiuu to, (0) 41, (B) 43, (T) 4».

IlocTponM ele OXHY MOXCIBHYIO Lemb W3 JuaHHoHOB Tpamc-PtCl,Br,”, cocennme

(GparmenTsl KoTOpOii pa3BepuyThl Ha 90° (Puc. 2.17 r). Baons 310l Lenu, 04eBUIHO, IIPOXOJUT
MOBOPOTHAs OCh 2, a €€ MEepHUOoJ MOBTOPSIEMOCTH paBeH 2ty. Ho y memouku (Tpch-PtCIZBrgz')oo
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€CTh M BHMHTOBas CHMMETpHsA: ee moBopoT Ha 90° co casurom Ha ty (Temeps 310 norosuna
TPAHCIISIIIMU) TAKXE TPUBEAET K CAMOCOBMEIICHHMIO. TaKyl0 BHHTOBYIO OCh 00O3HA4aroT 4;
MOJCTPOYHBIA HMHACKC «2» TOKa3bIBaeT, Ha CKOJbKO 1/4 monieil TpaHCIALUU CABUracTCs
MOCTpOEHHAass HaMH (PUTypa MPU BUHTOBOM ITOBOPOTE C CAMOCOBMEIIICHUEM.

PaccmMoTpenHble  MoOaenu TMO3BOJISIIOT JaTh OOImIee OmpeAciiecHue BHUHTOBOW  OCH
MPOU3BOJILHOTO TOopsAAKa N. Eimie pa3 momdepkHEM, YTO TaKHE OCH MPUCYTCTBYIOT TOJBKO B
OCCKOHCUHBIX MEPUOIUYCCKUX (UTypax U HampaBieHbl B HUX BAOJb TpaHcasiuidi At (rme t —
KpaTJaiinas TpaHCIsAus, A — IIeJIbIe YUCIIa).

Onpedenenue 4. BunroBas ocb Np @IpUBOAMT K CaMOCOBMELICHUIO OECKOHEYHOM
TIEpUOIMUECKOi (PUTYphI IIPH MOBOPOTE BOKPYT ocu Ha yron 360°/N IpoTuB 4acoBoii cTpenku co
cneurom Broib ocu Ha (P/N)t, rme p<N — menoe uucno, t — kpaTyaifimas TpaHCIAIUS B
HampaBlieHuu ocu. Takum oOpasom, N-KpaTHOE TOBTOPEHHE BHHTOBOTO IOBOPOTA Np1
SKBUBAJICHTHO CABUTY (UTYpHI Ha Pt B COOTBETCTBUU ¢ hopmyIoit (2.8).

Onpenenennio 4 COOTBETCTBYET CUMMETpPUsI BCEX MOJENbHBIX Iernodyek Ha Puc. 2.17.
[Mpu orcyrcrBuu capura (P=0) BHHTOBas OCh MpeEBpaIaeTCs B MOBOPOTHYIO (och 4 Ha Puc.
2.17 a). Cnyyaro p=1 oTBevaeT BUHTOBAs OCh 41, T.€. MOBOPOT MPOTHB YacOBOM cTpenku Ha 90°
CO CABHTOM Ha 1/4 TpaHCISAINH «BBEPX» OT IUNIOCKOCTH pucyHKa (puc. 2.17 6). [leiictButo ocu 43
Ha puc. 2.17 B (p=3) oTBeuaeT Takoi e MOBOPOT IPOTHB YACOBOM cTpesku Ha 90° co caBurom
Ha 3/4 tpancmaiuu. Ho mockoibKy J1000€ 1e/10€ YUCIo TpaHcsuui =4ty Takke MpPUBOAUT K
CaMOCOBMEIICHHUIO IIETIOYKH, KOMOWHAIUs BUHTOBOTO TmoBopoTa 43 u TpaHcmsiuuu —4iy
sKkBHMBasieHTHA ToBOpoTy Ha —90° (T.€. no wacosoi cmpenke) coO CABUIOM «BBEPX» HAa YETBEPTH
TpaHcnsauuu. Takum oOpa3zom, neiicTBUEe OCH 43 OTBEYAeT BUHTOBOMY JIBIDKCHUIO «aHTH-41» 1O
gacoBol ctpenke. Ha Puc. 2.17 6 atomsel Br, cBsi3zaHHBIE OChIO 41, pacmojararoTcs Ha JICBOU
cnupanu, a Ha Puc. 2.17B Takue >Xe aTOMbI, CBSI3aHHBIE OCbIO 43, PACIOJIOXKEHBI Ha
sHaHTHOMOpP(dHO# mpasoii crmpamn. Hakowen, ock 4, Ha puc. 2.17 r otBedaer mosopoty Ha 90°
CO CIIBUTOM Ha MOJIOBUHY TpaHcisiun (t=2t). B MogenbHoi 11enu (Tpch-PtClzBl’zz-)oo aroMsl Br
3aHMMAIOT IIOJIOXKEHUST Ha axUpajbHOM JBOMHOW CHHpaid, HO3TOMY OCh 4, HE HMEeT
HYHAHTUOMOP(OB.

Ha ocHoBe omnpenenenus 4 Jerko TMEpPEYHCIUTh BCE OJUHHAANATH BHHTOBBIX
kpucrauorpapuueckux ocer  Np, KOTOpble MONy4darOTCs M3 KPUCTALIOrpapHUECKUX
nmoBOpoTHBIX oceit N=2, 3, 4 u 6 nobaBIeHNEM HIKHETO MHJIEKCA P, MPUHUMAIOIIETO 3HAUYCHUS
ot 1 go n—1. Bce ocu Ny u Ny ¢ p # N—p o6pasyroT 3HaHTHOMOpdHBIE napsl (31 1 32, 41 u 43, 61
u 65, 6, 1 64; TOorma Kak ocu 21, 4, u 63 (p=N/2) He umeror sHanTHOMOPGOB,. I'paduueckue
CHUMBOJIbI BCEX BUHTOBBIX Oceil mokazanbl Ha Puc. 2.18. B omiinuue ot yueOHOI muTepaTypsl, B
CIIPaBOYHMKAX MO KpUCTaLIOrpaguu Ha rpadukax MpOCTPAHCTBEHHBIX TPYIMI MOBOPOTHYIO OCh
2, MapalyieNbHyI0 MIOCKOCTH PUCYHKA, 0003HAYaIOT ABOWHOM CTPEIKOil, a TaKyl0 e BUHTOBYIO
0Ch 21 — «ITOJIOBUHHOMY CTPEITKOM.

[Tockonbky BUHTOBBIE OcH Ny MOKHO BBIBECTH M3 OBOPOTHBIX ocell N Toro ke nopsaxa,
BCE TOUKH, CBA3aHHBIE 0ChI0 Np (CHMMETPHYECKH SKBUBAJIICHTHBIE IO3HUIMH), B IIPOCKIIUH BJIOJIb
HAIpaBIIEHUsI OCH pPAaCIoNiararoTcsl B BEepIIMHAX mpaBuibHOro N-yronbHuka. B HukHENH dacTu
Puc. 2.17 nokazanbl Takue CUCTEMBI TOUEK Jist ocelt 41, 43 u 4,. V3 pucyHka MOXKHO BUJETh, YTO
JIBa MIOCJIEI0BATENLHBIX BUHTOBBIX TIOBOPOTA 41 SKBMBAIIEHTHBI BpalleHuio Ha 180° co casurom
Ha MOJIOBUHY TPAHCIIALINH, T.€. IEMCTBUIO BUHTOBOM OCH 21!

412:21, nim 41:)21

(«BUHTOBast OCh 27 COAEPXKHUTCS B BHUHTOBOM ocu 41»). JIBa BUHTOBBIX TNOBOpoTa 43
SKBHMBAJICHTHBI BpalieHuio Ha 180° co cBUrOM Ha IOATOPHI TPAHCIISLUH, T.€.

432 =2, + t, wim cHOBa 4302,
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(«c TOYHOCTBIO 10 TPAHCISIUUY), a JIBa TOCIE0BATEIbHBIX BUHTOBBIX MMOBOPOTA 47 MPUBOIAT K
nosopory Ha 180° co cABMIoM Ha OJHY TPAHCIIALMIO, T.€

4,252

[ToctpouB cucTtemMbl 3KBUBAJICHTHBIX MO3WLMK Ui BUHTOBBIX OCel 3-T0 U 6-TO MOPSJIKOB,
HETPYAHO YOSAUTHCS, YTO

613 31, 21; 653 32, 21; 623 32, 2; 643 31, 2, u 63D 3, 21

OTH MareMaTH4ecKHe COOTHOIICHUS POJCTBEHHBI COOTHONICHHSIM MEXIY 3aKpPBITBIMU
aJieMeHTaMu cuMMeTpuu 452 u 653, 2 (ecnu He 3a0bIBaTh, YTO BIOJIh BUHTOBBIX OCEH BCera
UMEIOTCS TPAHCIISLINN ).

2 ‘ 21| = > 2l = >)

31 )— —‘\ 32 32 || uT. O

41/% \§\43 4
® s & e @

61 65 62 64 63

Pucynok 2.18. Kpucrammorpaduyeckre BUHTOBBIE OcH (|| — mapaiienbHble TUIOCKOCTH PUCYHKA).

2.6. B3amMopgelcTBHSI OTKPBITBIX JJIEMEHTOB CcHMMeTpuH. I['paduku HeEKOTOpPBIX
NMPOCTPAHCTBEHHBIX IPYyNII

OOcyxnaast MIIOCKHAE CETKH, T.€. JBYMEPHBIC PEIIECTKH, MBI yXK€ HCIOJIb30BAIN IS MX
0003HaueHHs] KOMOMHALIMIO TUMA PEHIETKH W TOYEUHOW cUMMETpuH y3na (p2, p2mm, c2mm u
np.). IlomobHoe coueranne CUMBOJIOB perieTku bpaBe W Habopa MOPOXKIAOMIMX HJIEMEHTOB
(cpeu KOTOPBIX MOTYT OBbITh KaK 3aKpbIThIE, TAaK U OTKPBITHIE) JIEKUT B OCHOBE MEXTyHApOAHOMN
CHCTEMBI O0O3HAYECHUsI CHMMETPUHU JIOOBIX JBYMEPHBIX M TPEXMEpPHBIX KpHCTauioB. B
HACTOSIILIEM  pasfiesie  Mbl  PacCMOTpUM  OOLIMe  MpaBWia  TOCTPOCHUS  CHUMBOJIOB
MPOCTPAHCTBEHHBIX T'PYIIIT U MPOCTEHIIINE PUMEPHI UX TPAPHUKOB.

Onpedenenue 5. COBOKYNIHOCTh BCE€X MPeoOpa3oBaHUN CHMMETPUM, MPUBOJSIIUX K
CaMOCOBMEIICHUIO ~ aTOMHOM  CTPYKTYpbl ~ TPEXMEPHOIO  KPHUCTalsla,  HA3bIBAETCS
npocmpancmeennou epynnoti. IlpocTpaHCTBEHHas TIpymnmna Jo0Oro KpUCTAUIA COIAEPKUT
OECKOHEUHYI0 MOATPYIIY BCEX €ro TpaHCIAuui: pemetky. CHMMETpUIO KpHUCTalia Kak
KOHEYHOI'0 TPEXMEPHOro Tejla 3aJaeT oJHAa W3 32 TOYEYHBIX KpUCTaIorpapuuecKux TPy
(kpucrayutorpaM4ecKux KJIacCoOB); BCsKash IPOCTPAHCTBEHHAs TpYyNNa NPUHATISKAT K
OIpEeIeNIEHHOMY KPUCTAJUIOrpapuecKoMy KJ1accy.
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ITonHeld CHUMBOJI NPOCTPAHCTBEHHOM TPYMNIBI TPEXMEPHOIO KPHUCTAUIa B CHCTEME
['epmana-MoreHa COCTOWT U3 uemblpex TO3WIUHN (1T TOYSUHOM TPYIIBI — U3 TPEX TMO3HIIHH,
cMm. 4.1). B nepBoii o3unuu Haxoautcsi cumBod pemetku (P, A, B, C, |, F unu R). Ocranbhbie
TPU TO3ULUU 3aHUMAIOT MOPOXKIAIOUINE 3JEMEHTHl CHUMMETPHUH KpHCTaula (3aKpbIThIE H
OTKpBITHIE) 10 MpaBUiIaM, aHAJIOTMYHBIM IOCTPOCHHUIO CUMBOJIA TOYEYHOM rpynnsl (cm. 4. 1).
Eciu B KOOpIMHATHBIX WM JAMArOHAJIBHBIX HAIPABIICHUAX, YKa3bIBAEMBbIX B CHUMBOJIE, HET
JJIEMEHTOB CHMMETPHM, B COOTBETCTByMIleld mno3unuu craBat 1. Tak, Hampumep,
MPOCTPAHCTBEHHAs TIpylna MPUMUTUBHON pemietku bpaBe B MOHOKIMHHOM CHHTOHUU
(cummerpust y3na 12/m 1) umeer monubii cumBon P 12/m1 u kparkuii cumBon P2/m, a
IOJIHBIA CHMBOJI OPTOPOMOMYECKON MPOCTPAaHCTBEHHOM rpymmsl P 21/b 2:/C 21/a ¢ oTKphIThIME
NOPOXKJIAIOIIMMH JJIEMEHTaMHU IpeoOpa3yeTcst B KpaTkuii cumBoa Pbca. Bee mpoctpancTBeHHBIE
IPyNIbl UMEIOT OCCKOHEUHBIM MOPSAIOK, MOCKOJBKY JH00as U3 HUX COJEPKUT OECKOHEUHYIO
noarpynny Tpanciauuid. OJHAKO Ha IEMEHTApHYIO SYEHKy JII000ro KpHCTalia MPUXOAUTCS
KOHeuHOoe YUCIIO JIEMEHTOB CUMMETPHH.

OOmiee yncno BCeX BO3MOXKHBIX MPOCTPAHCTBEHHBIX TPYI KOHEYHO, XOTS M JIOBOJIBHO
BeHMKO. [[1si UX BBIBOJIAa MOXKHO NMPUMEHUTH TOT K€ MPHEM, KOTOPHIM MbI TOJB30BaJINCh B 1-i
yacTu, OO0CYXJasi TOYEUHBIE TPYMIbI: BMECTO COTEH ThICAY MW3BECTHBIX Ha CETOMHS
KPUCTAJIMYECKUX CTPYKTYp HAJ0 pPacCMOTpPETh JIMIIb BCE KOMOWHAIMM HMX JJIEMEHTOB
cummeTpun. MIMEHHO Tak MpocTpaHCTBEHHbIE TpyIIbl U OblIM BhiBeneHbl E.C.DenopoBbiM U
A.Ilendaucom B 1890-92 r.r. — T.€. paHblile OTKPHITUS PEHTTEHOBCKUX JIyuel, KOTOPOE CAENano
BO3MO>KHBIM 3KCIIEPUMEHTAJIbHbBIE UCCIIE0BAHUS aTOMHOI'O CTPOCHHUSI KPUCTAJIOB.

3aMeTuM, YTO OTKpPBITBIE DJIEMEHTHl CHMMETPHH THPUBOISAT K CaMOCOBMEIIECHHUIO
«BHYTPEHHEW» aTOMHOM CTPYKTYpbl KpUCTa/ula (KOTOpas MO CPaBHEHHUIO C pa3MepaMu aTOMOB
BBITJISIAUT OECKOHEYHOI), T.€. IEHCTBYIOT Ha MUKPOCKOIMYECKOM ypOBHE. MaKpOCKOMHYECKOMH
xe (hopMe KpHcTalia Kak IMOJIMIpa C ONpPEIeIeHHBIM (KOHEYHBIM) YHCIOM BEpIIMH, TPaHEH |
pebep COOTBETCTBYET TOUEUHASI CUMMETPHS, IO KOTOPOW KPUCTAIIII OTHOCUTCS K OJHOMY M3 32
KpucTajiorpadguueckux kiaccoB. B MakpockonuueckoM maciutabe CABUTU UACATU3UPOBAHHON
MUKPOCTPYKTYPBl KPHCTaJIa HA PACCTOSHUS TOPSAIKA JOJEH HaHOMETpa, MPUBOAAIIUE K €€
CaMOCOBMEIICHHIO, HEOTIMYUMBI OT HyJs. I[loaTomMy nisi omnMcaHus BHELIHEH CUMMETpPUU
KpHUCTaJlJJa BCE PAaCCMOTPEHHBIE BBILIE OTKPBITBIE 3JIEMEHTHl CUMMETPHM HAJ0 3aMEHHUTH Ha
COOTBETCTBYIOILIME UM 3aKPBIThIE KPUCTAUIOrpadhuIECKUE SJIEMEHTHI.

M3 »ororo He BIOJIHE CTPOrOro pacCyKIEHUS CIEAYeT COBEPUIEHHO TOYHBIN
MaTeMaTUYeCKU pEeLEeNT IOCTPOEHUS! TPOCTPAHCTBEHHBIX TIPYMI: HAI0 «BCETO JIMILb)»
nepedpaTh BCe N€OMETPUYECKH BO3MOKHBIE M NPUTOM pas3iMyHble KOMOMHauuu 14 perieTok
bpaBe cHauana c¢ 32 kpucramiorpadpu4ecKUMH TOYEUYHBIMU TpYIIaMu, a 3aTeM ¢ Habopamu
DJIIEMEHTOB CHMMETPHHM, IOJYyYaeMbIMH U3 3THX 32 Ipynn 3aMEHOM HEKOTOPBIX WM BCEX
3aKpBITBIX 3JIEMEHTOB OTKPBITHIMHM. B Hamem mocoOuM Mbl pacCMOTPUM JIMIIb HEKOTOPbIE
KOMOMHAIMM 3J€MEHTOB CHUMMETPUM BMECTE MpaBWJIAMH HX B3aUMOJCHCTBHUS M HOCTPOUM
rpauKu HECKOJIBKUX MPOCTPAHCTBEHHBIX TPYIIIL.

Bzaumooeticmeus snemenmos Cummempuu ¢ nepneHduKyﬂﬂprlMu mpaHciaAyusimu

[IpaBmiia B3auMOAEMCTBUS KpUCTAIOTPaAPUUECKUX JIEMEHTOB C TPAHCISILMSIMH OYEHb
IPOCTHI, UX JIETKO JI0Ka3aTh NOCTpOeHHEM. J[JIs1 3TOro JOCTaTOYHO BHIOpATh B KPUCTAJLIE TOUKY,
HE JIeXalllyl0 Ha paccMaTpUBAa€MOM HaMH 3JI€MEHTE, U OTMETHUTh BCE TOYKH, B KOTOpPbIE OHa
NEePeXOoANUT MO JEHCTBHEM 3TOro 3jeMeHTa cummerpuu u TpaHcmsiuuu t (Puc. 2.19). Ecnu
HarpaBjeHUE TPAHCISAIMNA COBMAAACT C DJIEMEHTOM CHUMMETpHH R (MIIOCKOCTHIO WU OCHIO),
HOBBIE DJEMEHThl He BO3HUKHYT (Puc. 2.19a). Ecim ke Ttpancmsiumss t HampaBieHa
MEPIICHIUKYIIIPHO K JIEMEHTY BTOPOTO TOpPsAKa, T.e. K Tiockoct (Puc. 2.19 6) mmm x ocu 2
(Puc. 2.19 B) 6o 21, moixy4eHHbIe HAOOPHI CHMMETPHUYECKH SKBUBAJICHTHBIX TOYEK MOPOKIAIOT
TaKMe e 3JIeMEeHTHI R: 0/IMH pacnonoKeHHbIN yepe3 TPaHCISIIHIO, IPYTol — Ha ee CepeIuHe.
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Ilpaguno Nel. DneMEHT CUMMETPHUH MOPSJIKA 2 IEPEHOCUTCS NEPIIEHIUKYIIPHOU TpaHCISALUEN
t, Ipy STOM TaKOH K€ 3JIEMEHT BO3HUKAET Ha CEPEUHE TPAHCIIALIUY.

OTO MpaBWJIO NMPUMEHUMO [UIsl JIIOOBIX 3JEMEHTOB CUMMETPHM 2-TO MOPSJKA: KAK 3aKPbITHIX
(mokazanHbIX Ha puc. 2.19), Tak U POJCTBEHHBIX UM OTKPBITHIX.
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Pucynok 2.19. BzaumoneiictBue Tpanciasauii t (moka3aHbl KpaCHBIMU CTPEIKaMH) C AJIEMEHTaMU
CUMMETpPUHU 2-TO MOpsiJIKa: (a) mapauleIbHbIMU TPAHCISIIMY (HOBBIX 3JIEMEHTOB HE BO3HUKAET),
(06, B) nepneHIMKYISAPHBIME K TPAHCIIALNH, (T') C IIEHTPOM WHBEPCHH.

Hentp unBepcun 1 B3auMOAEWCTBYET C MPOU3BOJBHO HANPABIECHHOW TpaHCISILMEN
QHAJIOTHYHO MEPICHNKYSIPHBIM dJIEMEHTaM 2-T0 MOps/IKa: OH MepeHocuTcs Ha t, a B Touke t/2
BO3HMKAET HOBBI 1IeHTp nHBepcuu (Puc. 2.19 r). B TpUKIMHHBIX KpHCTAJUIAX U3 BCEX 3aKPBITHIX
ornepauuii CHUMMETPUU MOXET HPUCYTCTBOBATH TOJBKO HHBEpCUSA. OTO TO3BOJSIET HaM
MOCTPOUTH IpadUKH MPOCTPAHCTBEHHBIX TPYI TPUKIMHHOW cuHroHnu P 1 u P1.

DneMeHTapHas siYeiKa TPUKIMHHOTO KpHCTaUia (KOCOYTOJbHOBIN IMapasieenumeNn)
n3zobpakena Ha Puc. 2.20 a. Hagano koopaunar B rpymnmne P 1 coBMeIarmT ¢ 0HUM U3 LIEHTPOB
WHBEPCUH, KOTOPbIE HAXOATCS B BEPIIMHAX SUYCHKH, a TaKKe Ha cepeauHax ee peodep (Y2, 0, 0),
(*4, 1, 0), ..., B ieHTpax Bcex rpaneit (Y2, ¥4, 0), (¥4, 0, Y4), ..., (1, Y4, %), u B ieHTpe sueiiku (Y2,
Y, ). TIoCKOJIBKY BepIIMHA Hapaulelenuea MPUHAIICKUT BOCBMH, peOpo — dYeThIpeM, a
IpaHb — JIBYM COCEJHHUM sY€lKaM, Ha OJIHY DJIEMEHTapHYIO S4YEWKy TPUKIMHHOIO KpHUCTala B
rpynne P 1 npuxoautcs 6ocemb NEHTPOB MHBEPCUHU. DTU LIEHTPHl pacrojaraiorcs B YEThIpeX
CUCTEMax MO3MIIHM, HE CBSI3aHHBIX MPeoOpa30BaHUSIMU CUMMETPHUH (TaK, BCE BEPLIMHBI SUEHKHU
CBSI3aHBbl TPAHCISILMAMHU, HO LEHTPHl B BEpIIMHAX M Ha CepeJuHax pedep CUMMETpUYECKU
HE3aBHCHMbI, TAK)K€ HE3aBUCHMBI LIEHTPBI Ha CepeMHaX HenapasuleIbHbIX pedep, U T.1.).

Pucynok 2.20. (a) Pacronoxenne HEHTPOB MHBEPCHil 1 MPOCTPAHCTBEHHOH rpymmbl P 1 B
TPUKJIMHHOM 3JIEMEHTApHON sueiike (LeHTp B MOJIOKEHUH Y2 Y2 2 BblgeneH 1setoMm). (0)
KocoyronbHasi TPOEKIHs sdYeikd: rpaduk mpocTpaHcTBeHHOH rpymmsr P 1. (B) TI'padmk
MIPOCTPAHCTBEHHOW rpymibl P 1.
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B kocoyronpHOWl  mpoeKIMH  BAOAb  JIFOOOTO  KOOPAMHATHOTO  HAINpaBJCHUS
«Oe3pazMepHas» siueiika rpynmsl P 1 BBINISIAUT OJUHAKOBO: 3TO MapajijIeIorpaMM C LIEHTPaMU
WHBEPCHI, TPOEKTUPYIOIIUMUCS B BEPIIUHBI, HA CEpPelMHbI CTOPOH U B LeHTp ¢urypsl (Puc.
2.20 6). ITockonbKy 3JIEMEHTHI CUMMETPUU BTOPOTO TOPSIKA BCETJa PACIOJIOKEHBI dYepe3
MIOJIOBUHBI TPAHCISIUMM, HA MPOEKLUUU 3TO CIIEHHUaIbHO He oTMmedaercs. I'pynmna P 1 comepxkur
TOJILKO TPaHCIANNU; e¢ TpaduK K JF000M KOOPAWHATHOW MPOEKIUU — Mapajiesorpamm 0e3
KaKUX-JIMOO JOMOIHUTEIBHBIX CUMBOJIOB (Puc. 2.20 B). Hauano xoopaunat B P 1 BeIOMpaercs
MPOU3BOJIBLHO: HANpPUMEpP, OJHOMY aTOMy B CTPYKTYype KpHUCTaJlJla, OTHOCSILIETOocs K 3TOU
rpynne, npunuckiBatoT koopauHatel (0, 0, 0) 1 3a7a0T MO OTHOLIEHUIO K HEMY KOOpPJIWHATHI
BCEX OCTaJbHBIX aTOMOB B fA4Y€CiiKe. B3anMOJENCTBHEM 3JIEMEHTOB BTOPOrO MOpANKA C
NEPIEeHIUKYIAPHBIMUA TPAHCISALUAMU TaKXKe ONpeAeNsioTcs rpaduku npocredmmux rpynn P2,
P21, Pm u Pc moHokuuaHOM cunronunu (Puc. 2.21).
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Pucynok 2.21. I'paduxu npocrpanctBeHHsix rpynn P2 (a, 0) u Pc (B, r) (1Be npoekuuu). B
rpynme Pc noka3zaHbl TOYKH 0011€ero 1nosiokeHus (opoura 1)

B rpynmax cpeiHuX CHHTOHMM TIJ1aBHas MOBOPOTHAs, MHBEPCHOHHAs MJIM BUHTOBAs OCh
nopsaka 3, 4 nmubo 6, HampaBieHHas BIOJb €, YUUTHIBas LEHTPOCUMMETPUYHOCTh PEIIETKH,
NPEBPATUT MEPINEHAUKYISIPHYIO € TPAHCISALUIO B «3BE3AY» TaKHX TPAHCISLMNA, COCTOSIIYIO U3
YEeThIpeX BEKTOPOB JUIsl OCH 4 W IIECTU BEKTOPOB JUIsl oceil 3 u 6. DT TpaHCISLUU MEPEHECYT
UCXOJIHYI0O OCh BO BCE€ BEPILIMHBI HAa NMPOEKUUU sYeWKH. Pa3sMHOXMB OCBIO M TpaHCIALMSIMU
TOUKY, BBIOPAHHYIO BHYTPH staeiiki B rpymmax P 4 wm P 4 (Puc. 2.22 a), MBI YBHINM, 9TO B
[IEHTpe KBAJPaTHOTO OCHOBAHMs SYEHKHM BO3HHUKHET Ta K€ OCh, YTO M OCH 4-TO TOpsIKa B €€
BepuHax. KpoMe Toro, s5kBUBaJICHTHBIE TOYKU B ATUX I'PYIIAX CBS3aHbl TOBOPOTHBIMU OCAMHU
2, MPOXOAIINMH MAPALICIIBHO ¢ Yepe3 cepeauHbl TpaHcsuii a u b. TTockonbky B ocsix 4 u 4
COJCPKHUTCA OCh 2, MOXHO YOEIUTBCS, YTO AJIEMEHTHl 2-TO TOpsjaKa, BXOIAIINE B COCTaB
TJIABHOM OCH, B COOTBETCTBMM C IpaBUiOM Nel BO3HMKAIOT Ha CepelnHax TpaHcisuuil. Takum
e MOCTpOeHHeM s rpynmnsl P 3 jerko mokasate, YTO B LEHTPax JBYX IPaBHIbHBIX
TPEYrOJIbHUKOB B OCHOBAaHHMHU SYEHWKH, MOCTPOCHHBIX HAa TpaHCasnusax @, b u a+b (paBubix mo
JUIMHE), BO3HMKHYT HOBbIe ocu 3. BsaumopeiictBue oceit 3-ro u 4-ro mopsaka c
NepIEHANKYIISIPHBIME TPAHCISIASIMHA TOAUYHUHSIETCS CIIEAYIOIIEMY ITPABILITY:
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Ilpaguno Ne2. Ocu cuMMeTpUM Nopsiaka 3 Uiau 4 pu B3aMMOJEHCTBUM C NEPIEHIUKYISPHBIMU
TPAHCIALUAMU TEPEHOCATCS BO BCE BEPLIMHBI MPABUIIBHOTO N-YrOJIBHUKA (COOTBETCTBEHHO,
TpPEYrojbHUKa WM KBajJpara), MOCTPOEHHOr0 Ha 3THUX TpaHciasauusax. [Ipu 3ToM B meHtpe n-
YroJIbHUKA BO3HUKAET OCh TAKOI'0 )K€ MOPSIJIKA, EPIEHIUKYIISIPHAs €ro IIOCKOCTH.

o+

o+

(2) (6) (8)

Pucynox 2.22. (a) I'padux mpoctpancTBeHHOW Tpynmbl P 4: moka3aHbl TOYKH, CBSI3aHHBIC
MOBOPOTAMH BOKPYI' OCH 4-TO TOpSAKa M TPAHCIAIUSAMH @, D; CepbiM I[BETOM BBIJICIICHBI
BO3HUKIIUE ocu. ['paduku npocrpancTBeHHbix rpynn (0) P6 (B ocy 6 Bxonaar ocu 3 u 2) u (B)
P6; (ock 6, BKITIOUaeT ocu 3, u 2).

[TpaBuiio Ne2 BBITIONHSETCS KaK JJisl IOBOPOTHBIX M MHBEPCHOHHBIX, TaK M JJIi BAHTOBBIX
oceit. Ecmu xe ock 3-ro mopsiika BXOAWT B COCTAaB TJIABHOH OCH (STO CHpPABEUIMBO JUIS
ocet 3(23, 1), 6(23, 2), 6(=3/m) u Bcex BUHTOBBIX Oceil 6p), B COOTBETCTBUU € IPaBUIOM No2
UMEHHO 9Ta «BKIIOYCHHAs» OCh BO3HHMKAET B IIGHTPE TPEYroJIbHUKA W3 TPAHCIIHMA, a B
CepeHax TPaHCIALMH 1Mo npaBmty Nel HOSBIAIOTCS 37eMeHTHI BToporo nopsiaka (Puc. 2.22 6,
B). Takum oOpazom, ¢ momompio mpaBmi Nel u Ne2 MOXKHO MOCTPOUTH TPaUKH MPOCTEHIINX
IPYIN CPEHUX CUHTOHUH.

Bzaumooeticmsue snemenmos cummempuu ¢ HAKJIOHHRbIMU MPAHCIAUUAMU

B nuentpupoBannbix pemietkax (A, B, C, I, F wm R) ects HemenouncieHHubie
TPaHCIIALNN, PACIIONIOKEHHBIE HAKJIOHHO K KOOpPAMHATHBIM HampaBleHWsM. Ecimm Bmomb
KOOP/IMHATHOTO HAIpaBJIEHUs MPOXOIUT 3JIEMEHT CUMMETPUHU (OCh WM IJIIOCKOCTh), HAKJIOHHBIE
TpaHCIAIUU OyIyT B3aMMOJICHCTBOBATH C HUM, MTOPOXKAAst HOBBIEC 3JIeMEeHThI. OTMETHM, YTO BCE
AJIEMEHTbl CUMMETPHH, UMEIOIMECs] B MCXOAHON MPOCTPAHCTBEHHOH Trpymie ¢ NPUMHUTUBHON
pemerkoii bpaBe, mpu TakoM B3auMoJeicTBUM coxpaHsawoTcs. He mpuOeras K mOCTpOEHHIO
CHCTEMBI SKBUBAJIEHTHBIX TOUEK, IIPUBEIEM PE3yJIbTaT.

Ilpasuno Ne3. 1leHTpUPYIOILYIO TPAHCIALMIO, HANpPaBICHHYI0 HAKJIOHHO K DJIEMEHTY
cUMMeTpuH R, MOXHO NpeACTaBUTh B BHJE CyMMSI tj+tL 1BYX BeKTOpOB: mapamtensHoro (t)) u
nepreHuKymspHoro (t1) k sTomy sinemeHty. B pesynbrate B3ammonelictBus R ¢ HakIOHHOI
TpaHcisnuen t+tL ee mapamiensHas 9acTh t) BimBaercs B 21eMeHT R, 00pa3ys HOBBIN 3JIEMEHT
cumMmeTpud Rj, a mepHeHIUKyIIpHas 4acTh tL MepeHOCUT MOIydeHHBIH sneMeHT R; Ha ti/2 B
cootBeTcTBUM C npaBuiiamu NeNe | u 2.

Hcnonk3yem 3T0 mpaBuio ais nmoctpoeHus rpaduka rpynnsl C2, nmpuHamiexamei K
KpucTaymorpadguueckomMy Kiaccy 2 MOHOKIMHHON cHHTOHUHU. [IoBOpOTHast och 2 coBMajaeT ¢
KOOPJMHATHBIM HampasieHuem b, a tpancisiuus tc= a/2 + b/2, nanpaBineHHass HAKIIOHHO K 3TOM
ocH, IIeHTpupyeT rpasb (ab). B nucxonnoii rpynne P2 (cm. Puc. 2.21 a) Bexrop t=b/2, BnuBascs
B OChb 2, mpeBparutr ee B 2; (mosopor Ha 180° + cusur Ha b/2). IMonyueHHas och sSBJSETCS
DJIEMEHTOM BTOPOTO MOPsJKa, MO3TOMY NEPIEHIUKYIApHBIN BekTop ti=a/2 mo mpasmmy Nel
nepeHeceT ee BoJb a Ha ti/2=a/4.
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[Ipeobpasys Bce ocu 2, BXOMAAIIUE B JIEMEHTAPHYIO SUYCHKY, MOTYyYUM TpaduK TPYIIILI
C2 (Puc. 2.23 a): ocu 2 u 21 B HEW 4YEpeAyIOTCS BJOJb HaINpaBICHUS @ 4Yepe3 UYETBEPTh
TPAaHCIALMU. 3aMETUM, YTO K TaKOMY JK€ pAaCIOJIOKEHHIO OCEH MpHBENET U J00aBlicHHE
tpancisanuu tc= a/2 + b/2 x rpynme P21: «mapasienbHbliiy casur Ha b/2 nepeseneT BUHTOBYIO
0Cb 21 B IOBOPOTHYIO 2 («C TOYHOCTBIO JO TPAHCISILMMY»), a «II€PHEHAUKYISIPHBII» BEKTOP
t1=a/2 nepeneceT noJay4eHHYIO OCh 2 Ha paccrosinue a/4. [1o cornaimeHuno, Havyaao KOOPAUHAT B
rpynre C2 BeIOUparoT Ha MOoBOpoTHOM ocH 2. Koopaunary Y=0 B 3T0# rpymnme (Kak U B Ipymmnax
P2 u P2;) npou3BoiapHO 3a7al0T JUISI OJHOTO M3 aTOMOB, BXOIAMIMX B suekky. [lo Takoin xe
cxeMe MoxkHO mnoctpouth Tpaduku Tpynn Cm um Cc. B rpynme Cm kommnonent fc,
HapaJUICNIBHBIA K IUIOCKOCTSIM cUMMeTpuu (tj=a/2) mpeBpaTuT IIOCKOCTH M B IUIOCKOCTH &
(cootBeTcTBeHHO B CC MJIOCKOCTH C MPEBPATATCS B IUNIOCKOCTH N), @ KOMIIOHEHT tL=b/2 cnBuHeT
HOBBIC 3JICMEHTHI TpaHcasiuu Ha b/4 (Puc. 2.23 6, B). UToOBl 3a1aTh HAa4Yall0 KOOPIMHAT B
KPUCTAUTMYECKUX CTPYKTypax, OTHOCSIIMXCS K OTHUM TpyIIaMm, I OJHOTO M3 aTOMOB
yctanaBiauBaroT X=0 u z=0.

114 / /_ da z°®
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Pucynok 2.23. Ilpoctpanctsennsie rpynnsl C2 (a) u Cm (0, B). Ha npoekuuu (B) moka3aHsl
TOUYKH OOILIEro MoJIoXKeHus B rpymme Cm.

Bzaumooericmsue 06Vx NPOU360JIbHBIX TIEMEHNIOB6 CUMMEMPUU 2-20 I’ZOD}ZOKG

B 1-i1 uwactu mocobusi paccMaTpuBalIOCh B3aWMOJACWCTBHUE 3aKPBITHIX DIIEMEHTOB
cummeTrpun 2-ro mnopsanka (1, 2 uam M), NOpOXKOAIOUIMX TPETHH 3JeMeHT. JTa cxema
000011aeTCst Ha B3aMMOJICHCTBUE MPOU3BOJIBHBIX AJIEMEHTOB 2-TO TOPSAIKA: 3aKPBITOrO AIEMEHTa
C OTKPBITBIM WJIH JIBYX OTKPBITHIX 3JIEMEHTOB.

[IpaBuia B3auMoIeHCTBUI MPOU3BOIBHBIX AIEMEHTOB CUMMETpUH 2-To nopsiaka Ry u Ry
oueHb moxoxu Ha mpaBwia NeNe 1 u 3. Ecnmu nefictBue anmeMeHTa R BKITIOYAeT 3aKpBITYIO
omeparuio Ry’ u cnBUr Sp, a anemenTta R, — 3akpbITyro oneparuio Ry’ u cnBur S, (oauH unu oba
TH CABUTa MOTYT OBITh PaBHBIMHM HYJIIO), BO3HHMKAIOUIMM 3JIEMEHT MpeACTaBIseT coOOM
pe3ynbTaT B3auMoaelictBug Ry’ u Ry’, MonuduinpoBaHHbIil CyMMapHBIM CABHTOM S1+S).

IIpaguno Ned. CymmapHBIi CABUT S1+Sp= S+SL, BXOAAIIUN B cOCTaB 31eMEeHTOB R; = R{’+S; u
Ro= Ry’+S;, mHpencraBiIsloT B BUAE CYMMBI JABYX BEKTOPOB: IApajUIeNbHOTO (S)) U
NEePIEHAUKYIAPHOTO (SL) K 3aKPBITOMY 3JIEMEHTY CHMMETpUH R3’, KOTOpBI BO3HHKAET MpPH
B3aMMOJICHCTBUM COOTBETCTBYIOIIMX 3aKPbITHIX 1eMeHTOB R1’ u Ry’. «[lapannenbHblil» BEKTOp
S) BauBaercs B Rs’, mpeBpainas ero B HOBBbIH 21eMeHT Rz = R3’+ S|, a «mepneHanKyasapHbIi»
BEKTOp SL MEPEHOCHUT MOJyUCHHBIH 1eMeHT R Ha S1/2.

B cnydae B3ammonencTBUS OCH 2-TO MOPSAAKA W MEPIEHIUKYISIPHON € IJIOCKOCTH IO
npasuily Ne4 BO3ZHMKAEeT LIEHTP MHBEPCUH, CABUHYTHIN HA MOJIOBUHY CYMMBI S1+Sy OT TOUKH MX
nepecedenus (Puc. 2.24 a). J/Ie B3auMHO MepHEHIUKYISIPHbIE OCH 2-TO Hopsiaka (6e3pa3inyHo,
MOBOPOTHBIE WJIM BUHTOBBIE), MIEPECEKAIONTNECS B TOUKE, MOPOKIAIOT ock 2 (Puc. 2.24 6), a nBe
CKPEIIUBAIOIIHAECS TEPIICHIUKYIIIpHbIE ocH — och 21 (Puc. 2.24 B); MOJIOKEHHS MTOTYICHHBIX
OCEH ONPENENSIIOTCS CyMMOM S1+Sp= S1. J/[Be B3aUMHO NEpPIEHANKYIISAPHBIE INIOCKOCTH AAI0T OCh
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2-TO0 TOpsiiKa;, €€ THUN U TOJIOKEHUE OMPEICNIOTCS, COOTBETCTBEHHO, KOMITOHEHTaMU
cymMmapHoro ciasura S u SL (Puc. 2.24 1, n).

[TpaBwmiio Ne4 cripaBeyMBO IS BCEX KOMOMHAIIUN JIEMEHTOB 2-T0 mopsaka. Tak, och 21,
Jexaniasi B IUIOCKOCTH M, MOPOXKIAeT MEPHEHAUKYISPHYI0 K M IUIOCKOCTh CKOJIB3SILIEro
OTPaXKEHHUS CO CIIBUTOM B HANPABJICHUU OCU U CIIYXKUT JIMHUEH MEepecedeHust 3TUX MIOCKOCTEH.
Paccmotpennsie B 4.1 B3aMMOJEICTBHS 37I€MEHTOB 2-TO MOPsAKA C TOBOPOTHOM OCBIO MOpPSAKA
N>2 Takke MOKHO PpaclIpoCTpaHMTb Ha B3auUMoJelcTBue BHHTOBOM ocu N, C
NEePIEHANKYJIIPHOH K HEW OChl0 2: mpH 5TOM Bo3HHUKaeT N NEepHeHAMKYISIpHBIX oced 2,
nepecekaromux Np 1 pacronokeHHbIX B1oib Hee yepe3 untepsansl tp/(2N) (Puc. 2.24 ¢).
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Pucynok 2.24. (a—n) B3aumoaelicTBre JBYX 3JIEMEHTOB CUMMETPUU 2-T0 MOpsiiKa: (a) BUHTOBOM
OCH M IUIOCKOCTH CKOJIbXEHMs, (0) B3aMMHO NEpHEeHIUKYISAPHBIX OCEH, Mepecekaromuxcs B
TOYKe, (B) CKpeUIMBaroluxcs oced, (r) miockocted M u N, (O) ABYX KOOPAMHATHBIX
IUIbOCKOCTEH. (€) B3amMoJielicTBMEe BHHTOBOM OcM 31 M NEpHEHAMKYISIpHOM el ocu 2 (ocu
MIEPECEKAIOTCS).

[IpaBuna NeNe 1-4 mO3BOJNSIOT MOCTPOUTH TpaduKU MPOCTPAHCTBEHHBIX TIPYIII
MOHOKJIMHHOW M OpTOpoMONYecKoil cuHronuii. Hayano KkoopuHaT B TaKuX Ipymnax BeIOUpPaAOT
B TIOJIO)KEHUM Ha 3aKpBITBIX JJIEMEHTaX CHMMETPUU C MHUHUMAJIbHBIM YHCIIOM CTeleHei
cBOOOJIBI: Ha ocu 2 B rpynne C2, Ha miaockocTd M B rpynmax Pm u Cm, B 1leHTpe UHBEpCUH B
rpymnax P1, P2;/c, Pmmm wu t.a. (pucynku 2.20 — 2.25). Touka, BbIOpaHHas BHYTpH
AJIEMEHTAPHOH sSUelKH, 0J] AeUCTBUEM ONEpaIiil MPOCTPAaHCTBEHHOM TPyNIBI Tpeodpa3yeTcs B
opbumy: COBOKYITHOCTb CHMMETPHUYECKU CBS3aHHBIX TOYEK. XOTS YHUCJIO TaKUX TOYEK B
KpHUcTayie 0ECKOHEYHO, KPaTHOCTBIO OPOMTHI Ha3bIBaeTCsd (KOHEYHOE) YMCIIO TOYEK B OJHOM
arnieMeHTapHoOM siueiike. Touka, He Jexalas Ha 3JIEMEHTaX CHMMETPHUM, Ha3bIBAECTCA 00ujuM
nonoxcenuem (W obwei nosuyueir). TloN0KEHUST Ha 3aKPHITHIX JJIEMEHTAX CUMMETPHH
Ha3bIBalOTCs yacmuvimu. Cpeau pacCMOTPEHHBIX HaMU TPYNI KpaTHOCTb OOIIeH MO3ULIMU B
rpymmax P 1, P2, Pm, Pc paBna nBym, B C2, Cm, Cc, P2:/c u Pca2; wetsipem, B rpymme Pmmm
BOCEMH, a B P 1 — enunnte.
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Pucynok 2.25. I'paduku npocTpancTBeHHbIX rpymi (a) P2;1/c, (6) Pca2, (8) Pmmm.

2.7. Oomas kiaaccupuKanus NPOCTPAHCTBEHHBIX IPYNII

Kaxnas wu3 230 nDpocTpaHCTBEHHBIX TpYNI MPUHAMICKUT K OJAHOMY U3 32
KpucTauiorpaguyeckux KiaccoB M ofgHoul u3 14 pemerok bpase. [lo Habopy mopoxaaroniux,
WIH «IJIaBHBIX)» DJIEMEHTOB, COJIEPXKAIMXCA B CHMBOJE, MPOCTPAHCTBEHHBIX TPYIIIbI
NOJPA3NENAIOTCA Ha cummopuvie U Hecummopguovie. CUMBOIBI CUMMOP(HBIX Tpymm — 3TO
coueTanus pemeTrok bpaBe ¢ kpuctammorpadguueckuMu Kiaccamu (KOTOpble 0003Ha4yaroTCs
3aKPBITHIMU JIEMEHTaMU CUMMETpHH). [Ipsimoil mepedbop Bcex KIacCOB C BO3MOKHBIMU JIJISI HUX
pemerkamu (cMm. Tabim. 2.3) gaer 66 pa3iaMYHBIX KOMOMHAIMM, CpPeId KOTOPBIX JUIsl CeMH
COYETaHUM BO3MOXKHBI IO JIBa PA3IUYHBIX PACIIOIOKEHHUS SJIEMEHTOB CUMMETPHH B PELIETKE,
OTBEYAIOIINX PA3HBIM MPOCTPAHCTBEHHBIM TpyImnaM (Puc. 2.26):

Cmm2 # Amm2, P321 # P312, P3m1 #P31m, P 3ml1 #P 31m,
P 4m2#P 42m, 1 4m2 #1 42m,P 6m2 #P 62m

Taxum obpazom, umeercst 73 cUMMOPGHBIX TPOCTPAHCTBEHHBIX TPYII, MEHCOYHAPOOHbIE
CUMB0JIbI KOTOPBIX COCTOSIT TOJBKO M3 3aKPBITHIX JJIEMEHTOB cuMMmeTpud. (MHOTHE W3 3THX
IPYMI BKIIOYAIOT OTKPBITHIE AJIEMEHTHI — HarpumMep, rpymnmna C2 u Cm, puc. 2.23).

Pucynoxk 2.26. Pa3nnuHoe pacnonokeHue 3J1EMEHTOB CUMMETPUH B IPOCTPAHCTBEHHBIX TPYIIIIax
P3m1 (mrockocT M MepneHINKYISIPHBI KOOPAMHATHBIM TpaHCsAusaM) u P31m (tutockoctu m
IPOXOJAT MO0 KOOPAWHATHBIM TPAHCIALUAM). [IIT0CKOCTH CKOJIBKEHHsI BO3HUKAIOT B pe3yJbTare
B3aMMOJIEHCTBUS MIIOCKOCTENH M ¢ HAKJIOHHBIMU KOOPJIMHATHBIMU TPAHCISAIUSIMHU.

3amMeHa B CUMMOP(HBIX TIpyHnax HEKOTOPbIX MM BCEX MOPOXKIAIOUINX 3aKPbITHIX
AJIEMEHTOB Ha OTKpBITHIE 0€3 yueTa 3HaHTHOMOP(HBIX oced naer 146 HecHMMOPQHBIX TPy
(BaBoe OompIe YMCIa CUMMOPGHBIX TPYII), BMECTE cocTapistomue 219 reomerpudecku
pa3IMYHBIX MPOCTpaHCTBEHHBIX Trpymnmn. Cpean HuX y 11 HecHMMOpP(HBIX TPYyII UMEIOTCS
HSHAHTHOMOP(HBIE MAPHI:
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P31 || P35, P3121 || P3,21, P3,12 || P3,12, P4y || P4s, P4122 || P4322, P412:2 || P452:2,
P61 || P63, P6 || P64, P6,22 || P6522, P6,22 || P6422, P4,32 || P4332

C ydyeToM 3TuX map o0111ee YMCiIo MPOCTPAHCTBEHHBIX Tpynm gocturaet 230.

O6o3nauenue  KpucTtaiorpa@uyeckoro  kjiacca, K  KOTOPOMY  OTHOCHUTCS
IIPOCTPAHCTBEHHAs TpPyIMMa, MOXHO MOJYy4UTh, OTOpachiBasi B CHUMBOJIE IPOCTPAHCTBEHHOMN
rpynnsl OyKBY (KOTopasi 0003HAUaeT PEIIeTKY) U 3aMEHSISl B OCTABIICHCS YaCTH BCEX OTKPBITHIC
9JIEMEHTHI 3aKpbIThIMU. Tak, rpymma P2:/C npunamaexut K kmaccy 2/m, rpymma P212:2; k
kiaccy 222, rpymma Ibam — x wimaccy mmm. KpatHocTh 0OIIEro IMOJOXKEHUS B
MIPOCTPAHCTBEHHOI TpyIIie paBHA NMPOU3BEACHUIO MOPSAKA ee KpHucTamiorpagpuyeckoro Kiacca
HAa MHOXHTEIb, YYUTHIBAIONINA YMHOKEHUE YHUCIIA ONEpalfii CHUMMETPUN B IEHTPHUPOBAHHBIX
peleTKax:

P — pemerka: x1
A, B, C, | -pemerku: x2
R — pemertka: x3
F — pemerka: x4

KpaTHOCTh MOJOKEHHS Ha 3aKPBHITOM JJIEMEHTE (dJIEMEHTaX) CHMMETPHU paBHAa YaCTHOMY OT
JIeNIeHHsI KPAaTHOCTH OOIIEH MO3WIMU HA TOPSJOK JIOKAAbHOU 2pynnbl, 3aal0UIeld CHMMETPHUIO
nosoxxeHus Touku. Tak, o0mas no3unus 1 B rpynme Pmmm umeer kpaTHocTh 1x8 = 8, B rpymme
Ibam 2x8 = 16, a yactHOe moyoXkeHue MM2 (OPSIOK 3TOM TPYIIIBI paBeH 4) B rpymne Pmmm
umeeT KpatHocTh 8/4=2 (cm. puc. 2.25 B)

Tabnuua 2.4.
[IpocTpaHCTBEHHBIE TPYIIIBI TPUKIMHHOW ¥ MOHOKJIMHHOW CHHTOHHMA

Cunronunsa u |Knaceet  |IIpocTpaHcTBeHHBIE rpyHIIbl (B CKOOKaX 0003HAYEHUSI
peneTKu o [llendgnucy)
bpase

cuMMop(dHbIe HECUMMOp(HBIE

Tpukmuanas | 1(Cy) P1(Cy)

) 1(C) |P1(Ch
MownokmuaHast | 2 (Cy) P2 (C,Y) P2; (CyY)
(P, C) C2(CY)
m (Cs) Pm (Cs) Pc (CS)
Cm (Cs) Cc (Cs)
2/m (Can) | P2/m (Canl) P2:/m (Czp2), P2/c (Car’),

C2/m (CY) P2:/c (Car?), C2/c (Car’)

CBs3b NMPOCTPAHCTBEHHBIX TPYNI C KPUCTALIOrpahUYecKMMH KiaccaMu M pelieTKaMH
BbpaBe Ha nmpuMmepe MOHOKJIIMHHOW CHHTOHUHU TIOKa3biBaeT Taoi. 2.4. JloOaBieHne AByX pemIeTOK
Bpase (nmpumurtuBHOil P u 60konenTpupoBantoii C), UMEIOIIMXCS B MOHOKJIMHHON CUHTOHUH, K
TPeM KJiaccaM 3TOW CHHTOHMH (2, M u 2/m) naet mects cummopdHbIx rpymm: P2, Pm, P2/m, C2,
Cm u C2/m. IlocnenoBaTenbHO 3aMEHSIE B CHMBOJAX STHX TPYII 3aKPBITHIE AJIEMEHTHI Ha
OTKPBITHIC, MOJIYYUM TMATh HECUMMOP(DHBIX IPYII ¢ MPUMUTHBHOW pemnetkoi (P21, Pc, P2;/m,
P2/c, P21/c) n mumb nBe Hecummopdubie C-rpymmsl (Cc u C2/C), mockonbKy B nmapax rpynn P2 u
P21, P2/m u P23/m, a takxe P2/c u P2;/C no6aBneHue eHTPUPYIOIIEH TpaHCasAIuK tc 1aeT o Hu
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U Te XK€ KOH(UTypalHuu 3JIEMEHTOB CUMMETPHU — COOTBEeTCTBEeHHO, rpymmbsl C2, C2/m u C2/c.
Takum oOpa3oM B JOMOTHEHUE K ABYM TPYIIaM TPUKIUHHOM, ojydaeM 13 mMpoCcTpaHCTBEHHBIX
TpyNI MOHOKJIMHHON cuHTOHMH. OOpaTuTe BHUMaHHE, YTO KpUCTAJUIOrpaduyuecKue KIacchl U
IpOoCTpaHCTBEHHbIE rpynnbl B Tabn. 2.4. o0o3HayeHbl B JABYX cHcTeMax: Kak no I'epmany-
Moreny, tak u no UIénduucy. Ilo cpaBHEHHIO C MEXIYHAPOJHONW CHCTEMOW, CHMBOII
npoctpaHcTBeHHOU rpymnnsl 1o Ilendunucy comepxuT MeHblie nHbopMmanuu o0 3JeMEHTax
CUMMETPHUH: OH COCTOMT W3 CHMBOJIA KpPUCTAUIOrpaguuecKkoro kiacca W (OTHAKIBI
IPOM3BOJILHO YCTaHOBJIEHHOI0) HOMEpa TIpymnbl B kiacce. Tak, MEHPINCOBCKHM CHUMBOI
rpymmst P21/ (Car°) o3nauaer: «xmace Can, IPOCTPAHCTBEHHAs TpyTima N5y

HHmepHGMMOHaJleble ma6ﬂuubz

HauOonee oOmMMpPHBIM M  YHUBEPCAIbHBIM PYKOBOJCTBOM IO PEHTI'€HOBCKOH
kpuctajuiorpadun  sBisieTcs  MHOroromHoe wm3nanme International Tables for X-ray
Crystallography, B mpaktuyeckoid pabore uacto HasbiBaeMoe «/HTepHAMOHAIBLHBIMU
tabinuaMuy. [lepBblii TOM 3TOr0 PpyKOBOACTBA, KOTOPOE PETYJISIPHO JOMOJIHSET U BBIIYCKAET
MexayHapoaHblii  cOr03 KpuctajuiorpagoB (B TOCIEIHEM M3AaHUM TOM A) COICPKHT
noapoOHyI0 HMH(OpPMAIMI0 O CHMMETPHMHBIX COOTHOWICHHSX, KPHUCTAIUIOrpadruecKux
3JIEMEHTAaX CUMMETPUHM U KPUCTANIMYECKUX PELIETKAX, a TAK)KE Pa3BEPHYTYIO XapaKTEPUCTUKY
Kaxaoil 3 230 mpocTpaHCTBEHHBIX rpynn (00o3HaueHHs, TpaduKH, MEPEYCHb AIIEMEHTOB
CUMMETpPUHU, OOIIME M YacTHble MO3ULMM U Apyrue napamerpbl, cM. Ilpunoxenue). Cpeau
npoueii nHpOPMAIUU [T KaKJOW MPOCTPAHCTBEHHOM TPYIITBI TPUBOAUTCS MOJIHBIA CUMBOJI T10
['epmany-Moreny u cumeon no [llénghaucy, wnu cUMBON KpucTauiorpaduyeckoro kKiacca ¢
IIPOU3BOJILHO YCTAHOBJIEHHBIM HOMEPOM IPYIIIbl BHYTPH JAHHOTO KJlacca B KaYECTBE BEPXHETO
unjaekca. [IéndpnucoBckuii CMMBOJI MPOCTPAHCTBEHHOM I'PYIIIBI ¥ €€ MOPSAKOBbIM HOMEp B 1-M
ToMe VIHTepHAlMOHANBHBIX TaOIMIl TNPUBOAATCA IS IEPEKPECTHON MPOBEPKU IMpU
JIETIOHUPOBAHNUU KPUCTAIIIMUECKUX CTPYKTYpP B OaHKaX CTPYKTYPHBIX IaHHBIX.
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[Ipunoxxenue
JlanHbIe 0 IpocTpaHCcTBeHHOM rpymie B 1-m Tome International Tables for X-ray Crystallography

International Tables for Crystallography (2006). Vol. A, Space group 14, pp. 184-191.

5
P 2, / € Cg,, 2/m Monoclinic
No. 14 Pl 2|/C | Patterson symmetry P12/m |

UNIQUE AXIS b, CELL CHOICE 1

a - =)
l f <] | o T o
= | |
' ¢ 4 ! | —
| | | l
[} o © o] | o | o
/ / I |
y ' y = L e
el :f 1 - 1 5%
i
/ 1
IA i
(=}
b \o ,
T Y - -0
........................... O» +
Q
o O L
o
.................. - ol
0 0
/ | O+ O-
i ”’/
‘ |
4
Origin at 1
Asymmetricunit 0<x<l; 0<y<y 0<z<|
Symmetry operations
(1)1 (2) 2(0.1,0) 0,y.3 3T 0,00 4) ¢ xtz

Generators selected (1); 1(1,0,0); £{0,1.0}: £(0,0,1): (2): (3)

Positions

Multipticity, Coordinates Reflection conditions

Wyckoff letter.

Site symmetry General:

4 e |1 (M x,yz () ry+e24% (3) 5,52 4)xFv+e24% hol : 1 =2n
0kO: k=2n
00f: I=2n
Special: as above, plus

2 X S | .02 110 hkl : k+1=2n

< R | 0.0,4 0.4,0 hkl - k4+1=2n

o SO | 1.0.0 o hkl - k40 =2n

o ST S | 0.0,0 0.z % hkl - k4-1=2n
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